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A Multivariate Energy-Based Fairness Adjuster for Premiums

Charlotte Jamotton and Donatien Hainaut 
Institute of Statistics, Biostatistics and Actuarial Sciences (ISBA), Universit�e catholique de Louvain (UCLouvain), 
Louvain-la-Neuve, Belgium 

Fairness in insurance pricing has received increasing attention, particularly in light of regulations calling for nondiscrimina
tory premium estimation such as the European Union (EU) Gender Directive (2012). This research focuses on removing structural 
bias in predicted premiums as a solidarity-driven fairness concept. We propose a gradient-based distributional adjustment 
designed to mitigate disparities across protected groups. The method relies on the Energy distance, a multivariate metric that ena
bles the joint alignment of predicted premium distributions across multiple sensitive attributes (including nonbinary ones) simul
taneously. To maintain overall prediction balance, a post hoc autocalibration step corrects biases in the total predicted number of 
claims. In addition, the method supports fairness adjustments for new policyholders without requiring retraining of the underly
ing fairness model. We evaluate the proposed methodology in a car insurance pricing setting, where demographic factors such as 
age and gender are commonly used for risk assessment and premium determination. Results show that the method effectively 
reduces group-level disparities while retaining a significant share of predictive accuracy.

1. INTRODUCTION
A key characteristic of the insurance industry is its inverted production cycle. Ideally, premiums should be a function of the 

insured’s risk, but this risk is unobservable when the contract is signed. Therefore, to set the premium that must be paid 
upfront, insurers instead rely on salient (and observable) features that correlate with the insured’s risk. However, some of these 
rating factors, such as gender and ethnicity, are prohibited under antidiscrimination laws. While policymakers seek to ensure 
that insurers do not make distinctions based on these legally prohibited characteristics (Avraham 2017, 2), the law of insurance 
underwriting inherently grants insurers the authority to discriminate because it makes statistical sense to do so (Gandy 2016). 
This phenomenon, often described as an injustice by generalization (Schanze 2013), is rooted in the assumption that individu
als meet the average characteristics of the risk group to which they belong. This assumption lies at the core of the mutualiza
tion mechanism in insurance pricing, where risks are segmented into homogeneous rate-making classes or risk pools, imposing 
a form of solidarity among policyholders with similar risk profiles. Nonetheless, as Charpentier (2023, 11, 241–242) argues, 
individuals should not be treated differently because of their group membership, particularly when that membership is assigned 
at birth, as in the case of gender or ethnicity.

The seemingly incompatible notions of actuarial pricing and fairness present significant challenges for actuaries, who must 
comply with antidiscrimination regulations while still differentiating risk based on relevant characteristics. Moreover, the con
cept of discrimination itself is complex, multifaceted, and subject to interpretation (Edwards 2007), making its identification in 
insurance particularly difficult. As Charpentier (2023, 1–10) explains, achieving fairness in insurance requires integrating just
ice and ethics into data-driven pricing models. For a broader discussion on the legal, economic, and ethical aspects of discrim
ination in actuarial pricing, we refer to Frees and Huang (2023) and Charpentier (2023).

In recent years, the rise of big data and advances in machine learning techniques have further exacerbated these ongoing 
questions about fairness in insurance. While insurers are prohibited from directly discriminating based on specific policyholder 
attributes, simply removing these sensitive variables from pricing models does not entirely eliminate the risk of discrimination. 
This raises a critical question (Tschantz 2022): If insurers are not allowed to directly discriminate based on gender, why are 
proxy variables, such as vehicle power, which correlate with and indirectly infer gender, still permissible?
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In the actuarial literature, recent studies by Lindholm et al. (2022) and Charpentier et al. (2023) have proposed different 
postprocessing approaches to mitigate both direct and indirect discrimination in insurance pricing. The Lindholm et al. (2022, 
2024) individual fairness method aims to address proxy discrimination, commonly referred to as confounding bias in causal 
theory (Côt�e et al. 2025). Inspired by poststratification techniques, it consists of averaging over sensitive information and a 
change of measure to prevent implicit inference of protected characteristics. Conversely, group fairness methodologies, such 
as those using Wasserstein barycenters proposed by Charpentier et al. (2023) and extended by Hu et al. (2023a, 2023b), aim to 
align outcome distributions across protected groups so that no association exists between sensitive information and premiums. 
According to Côt�e et al. (2025, 10), these so-called corrective premiums offer the most stringent mitigation of indirect discrim
ination. A comprehensive review and classification of existing fairness methodologies in insurance can be found in Xin and 
Huang (2024) and Côt�e et al. (2025).

In this chapter, we focus on demographic parity (DP), a solidarity-driven group fairness criterion, to remove structural bias 
in predicted premiums. Although European Union (EU) regulations on gender-neutral pricing align more closely with an indi
vidual fairness perspective, we argue that DP is more consistent with the risk pooling mechanism inherent in insurance pricing. 
In practice, insurance contracts are typically priced using regression models (Denuit et al. 2019), such as generalized linear 
models (GLMs), which assign a limited set of unique premiums to a much larger pool of policies. In other words, the risk 
assessment and premium allocation are not individualized but structured around groups with shared characteristics. By adopt
ing DP, we ensure that the probability of receiving a given premium level becomes independent of demographic attributes 
such as gender, promoting fair treatment across groups in line with the risk pooling principle. We acknowledge that different 
theoretical and practical considerations may support alternative fairness criteria.

The main contributions of this article are threefold. First, we propose a gradient-based fairness correction using the Energy 
distance to reduce disparities across multiple sensitive attributes simultaneously, including non-binary variables. The multivari
ate nature of the Energy distance is a key advantage of our approach. It allows for simultaneous fairness adjustments across 
protected variables with different numbers of sensitive classes, such as gender (binary) and discretized age (multiclass), and is 
therefore order-independent. Second, we introduce a post hoc autocalibration step (Denuit et al. 2021) to correct biases in the 
total predicted claim count after fairness adjustments. Third, we design a simple out-of-sample mapping mechanism to apply 
fairness corrections to new policyholders. Note that while several recent approaches, including individual fairness and counter
factual fairness methods (Kusner et al. 2017; Grari et al. 2020; Fahrenwaldt et al. 2024), can generalize fairness adjustments to 
new observations, our contribution lies in providing a straightforward mapping mechanism that enables the out-of-sample 
transformation of premiums without re-optimizing fairness corrections for each new policyholder. In the machine-learning lit
erature, post hoc corrections have similarly been shown to enforce group-fairness constraints without retraining (Hardt et al. 
2016; Pleiss et al. 2017).

The chapter is structured as follows. Section 2 introduces notations and defines demographic parity as a group fairness cri
terion. Section 3 presents the theoretical justification for choosing the Energy distance and its relationship to other statistical 
distances. Section 4 details the gradient-based adjustment, the autocalibration procedure, and the out-of-sample mapping. 
Section 5 evaluates the methodology in a car insurance pricing setting, demonstrating its effectiveness in reducing group-level 
disparities while preserving a substantial share of predictive accuracy.

2. NOTATIONS AND DEFINITIONS
Consider an insurance portfolio represented as a tabular dataset X ¼ fx1, :::, xng � Rm with n policies (rows) and m rating 

factors (columns). Each policy i ¼ 1, :::, n is described by a vector of characteristics xi ¼ ðxi1, :::, ximÞ 2 Rm: We partition the 
m rating factors into two disjoint sets: the set of allowed covariates A � f1, :::, mg; and the set of prohibited (or discrimin
atory) covariates D � f1, :::, mg; such that A [D ¼ f1, :::, mg and A \D ¼ ;: For each policy i, we denote by Ai ¼ ðxijÞj2A
and Di ¼ ðxijÞj2D the subvectors of allowed and prohibited rating factors, respectively.

For every policy i, we observe the number of claims Ni (count data) reported during its contract duration (or exposure) �i:

Although we present the notations using claim counts N, the methodology applies to any real-valued insurance response. 
Throughout the analysis, we will often refer to the claim frequency per unit of exposure, defined as the ratio ki ¼ Ni=�i:

Counts are low-support integers (typically 0–3), while k is continuous on ½0, N=minð�Þ�; more stable, and more interpretable 
for illustrating fairness adjustments.

In actuarial pricing, the objective is to approximate the (unknown) conditional expectation of the response variable Y given 
the available rating information ðA, DÞ:
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l A, Dð Þ ¼ E Y A, Dð Þj �:
�

(1) 

In the empirical analysis presented in Section 5, we use a light gradient boosting machine (LightGBM) to model the pre
mium best estimates p̂ðA, DÞ for the (true) pure premium lðA, DÞ defined in Eq. (1). This best-estimate predictor uses all avail
able features, including the protected attributes D: Although it is statistically optimal (because it exploits all predictive 
information), it is also directly discriminatory by construction. In this chapter, we focus on demographic parity, a solidarity- 
driven group fairness criterion, to remove structural bias from predicted premiums.

Definition 2.1 (Demographic parity).
Demographic parity (DP) is a group fairness criterion that requires the conditional distribution of the premiums to be identi
cal across all protected demographic groups. For two groups a and b in the support of D;

P p̂ A, Dð Þ D ¼ aj Þ ¼ P p̂ A, Dð Þ D ¼ bj Þ:
��

(2) 

In practice, DP ensures that no protected group receives systematically different pricing.

In a regression setting, violations of Eq. (2) can be quantified by a statistical distance between the conditional distributions 
p̂ðA, DÞjðD ¼ aÞ and p̂ðA, DÞjðD ¼ bÞ: Many distances may be used to quantify disparities across protected groups, including 
divergences (e.g., Kullback–Leibler) or optimal-transport metrics (e.g., Wasserstein). As detailed in Section 4, we propose the 
use of the Energy distance, defined in Section 3, to align the group-conditional distributions of predicted premiums in order to 
satisfy the DP condition in Eq. (2).

3. MEASURES OF DISPARITIES
In this section, we review several distances and divergences commonly used to quantify discrepancies between probability 

distributions, with a particular emphasis on their suitability for gradient-based fairness correction. We discuss the Kullback– 
Leibler divergence, the Wasserstein distance, the Cram�er distance, and its multivariate extension, that is, the Energy distance. 
Their respective properties and limitations motivate our choice of the Energy distance for enforcing demographic parity in pre
mium predictions.

3.1. Classical Distances and Divergences
In machine learning, the Kullback and Leibler (1951) divergence is among the most widely used measures of dissimilarity 

between two distributions.

Definition 3.1 (Kullback–Leibler divergence). For probability distributions P and Q with densities p and q, the Kullback– 
Leibler (KL) divergence is defined as 

dKL P k Qð Þ ¼

ð1

−1
pðuÞ log

pðuÞ
qðuÞ

� �

dx:

As a measure of relative entropy, the KL divergence does not account for the geometric proximity between outcomes. For 
example, consider an actuarial pricing context where pðuÞ assigns a 0.01% probability to a premium level u ¼ 100; while qðuÞ
assigns the same probability to u ¼ 101: Despite the two premiums being very close, the KL divergence treats them as entirely 
different outcomes. To address this limitation, researchers (Panaretos and Zemel 2019; Peyr�e and Cuturi 2019) have turned to 
alternative distance metrics that consider the underlying geometry between outcomes, such as Wasserstein.

Definition 3.2 (Wasserstein distance). For two probability distributions P and Q, the Wasserstein distance of order p, also 
known as the Earth Mover distance when p ¼ 1, is defined as (Kantorovich and Rubinshtein 1958) 

WpðP, QÞ ¼ inf
p2P P, Qð Þ

ð

k u − vkpdp u, vð Þ

� �1=p

, (3) 
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where PðP, QÞ denotes the set of all joint distributions for the pair ðU, VÞ with marginals P and Q, respectively. The infi
mum in Eq. (3) is taken over all possible couplings (defined below) p 2 PðP, QÞ ensuring that the optimal transport plan 
minimizes the cost of transporting mass from u to v (Villani 2009).

Definition 3.3 (Coupling). A coupling of two probability distributions P and Q is any joint distribution p on ðU, VÞ such that 
U � P and V � Q. The set of all such couplings is denoted PðP, QÞ (Villani 2009; Santambrogio 2015).

The Wasserstein distance accounts for the underlying geometry between outcomes through the transport cost k u − vkp:

However, a key drawback for optimization is that Wp does not satisfy the unbiased sample gradients property (Bellemare et al. 
2017), one of three key properties (the other two being sum invariance and scale sensitivity) in machine learning when using a 
distance as a loss function.

Definition 3.4 (Unbiased sample gradients). Let dðP, QÞ be a statistical divergence. We say d has unbiased sample gradients 
if, for all m independent samples um drawn from P, the expected gradient of the sample loss h7!dðP̂m, QhÞ satisfies (Bellemare 
et al. 2017, 3)  

Eum�P rhd P̂m, Qh

� �� �
¼ rhd P, Qhð Þ:

Bellemare et al. (2017) show that the Wasserstein distance lacks unbiased sample gradients, leading to convergence issues 
and motivating Cram�er (1928) distance as an unbiased alternative.

Definition 3.5 (Cram�er distance). For one-dimensional distributions P and Q with cumulative distribution functions (CDFs) 
FP and FQ; Cram�er (1928) distance is defined as the l2

2 distance: 

l2
2 P, Qð Þ ¼

ð1

−1
FPðuÞ − FQðuÞ
�
�

�
�2 dx: (4) 

Its square root is a member of the lp family of metrics: 

lp P, Qð Þ ¼

ð1

−1
FPðuÞ − FQðuÞ
�
�

�
�p dx

� �1=p

: (5) 

Interestingly, for one-dimensional distributions P and Q, the p-Wasserstein distance in Eq. (3) can be expressed in terms of the 
quantile functions F−1

P and F−1
Q (Panaretos and Zemel 2019):

WpðP, QÞ ¼
ð1

0
F−1

P ðuÞ − F−1
Q ðuÞ

�
�
�

�
�
�
p
du

 !1=p

: (6) 

For p ¼ 1; Eq. (6) simplifies to the l1 distance, a member of the lp family defined in Eq. (5) like the square-root of the 
Cram�er distance:

W1ðP, QÞ ¼
Ð 1

0 F−1
P ðuÞ − F−1

Q ðuÞ
�
�
�

�
�
�dx

¼
Ðþ1

−1 FPðuÞ − FQðuÞ
�
�

�
�dx

¼ l1ðP, QÞ:

Besides accounting for the underlying geometry between outcomes (like Wasserstein and unlike KL), the Cram�er distance also 
possesses desirable optimization properties, including unbiased sample gradients (unlike Wasserstein), sum invariance, and 
scale sensitivity, making it more suitable for gradient-based learning than the Wasserstein metric. The following property 
establishes that the squared l2 distance admits unbiased sample gradients, as demonstrated in Appendix A.
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Proposition 3.1 (Unbiased sample gradient of the squared l2 distance). Let P be a probability measure and let fQhgh2H 

denote a parameterized family of probability measures, with cumulative distribution functions FPðuÞ and FQh
ðuÞ, respectively. 

The gradient of the squared l2 distance between P and Qh satisfies the following identity (Bellemare et al. 2017, 15): 

rh l2
2 P, Qhð Þ ¼ Eum�P rh l2

2 P̂m, Qh

� �h i

, 

where P̂m denotes the empirical measure based on m independent samples drawn from P.

Note that while Bellemare et al. (2017) show that the Wasserstein distance lacks unbiased sample gradients, leading to con
vergence issues and motivating Cram�er (1928) distance as an unbiased alternative, this problem was further confirmed in prac
tice for minibatch optimization by Fatras et al. (2019), and addressed by Genevay et al. (2017) via the Sinkhorn divergence.

3.2. Energy Distance
Although the Cram�er distance combines the best of KL and Wasserstein, it is limited to univariate distributions. In the con

text of actuarial fairness, real-world scenarios often involve multiple sensitive attributes. A key observation by Sz�ekely (2003) 
is that l2

2ðP, QÞ in Eq. (4) can be rewritten as

l2
2ðP, QÞ ¼ E jU − Vj½ � −

1
2
E jU − U0j
� �

−
1
2
E jV − V 0j
� �

, 

where j:j denotes the absolute value for scalars u, v 2 R; and U0 and V 0 are independent and identically distributed copies of 
U and V. As shown by Sz�ekely (2003), replacing absolute values by Euclidean norms k � k generalizes Eq. (4) to higher 
dimensions, known as the Energy distance.

Definition 3.6 (Energy distance). For d-dimensional independent random variables U, V, the Energy distance (for the 
Euclidean metric) is defined as 

EðP, QÞ ¼ 2 EU�P, V�Q k U − V k½ �

−EU, U0�P k U − U0 k½ � − EV, V 0�Q k V − V 0 k½ �:
(7) 

In each expectation the relevant draws are independent (independent pairs for the within-distribution terms and independent 
cross draws for the first term).

For univariate distributions, the equivalence EðP, QÞ ¼ 2l2
2ðP, QÞ is proved in Appendix A. Like Cram�er distance, the E dis

tance admits unbiased sample gradients, as formally demonstrated in Appendix A.

Proposition 3.2 (Unbiased sample gradient of the E distance). Let U � P; V � Qh, and let Ûm � P̂m denote m independent 
samples drawn from P. The gradient r of the Energy distance EðP, QhÞ with respect to h satisfies the following identity 
(Bellemare et al.2017, 15): 

rh E P, Qhð Þ ¼ Eum�P rh E P̂m, Qh

� �� �
, 

showing that E admits unbiased sample gradients.

The E distance also retains a strong connection to optimal transport. The Wasserstein distance in Eq. (3) can be defined in 
terms of expectations over coupled random variables U � P and V � Q:

WpðP, QÞ ¼ infp2P P, Qð Þ

Ð
k u − vkpdp u, vð Þ

� �1=p

¼ infp2PðP, QÞEðU, VÞ�p k U − Vkp½ �
1=p
:

As discussed in Sejdinovi�c et al. (2013), the Energy distance can be equivalently represented in the integral form. The first 
expectation in Eq. (7) may be written as the iterated integral:

ENERGY-BASED FAIRNESS ADJUSTER 5



EU�P, V�Q k U − V k½ � ¼

ð

U

ð

V

k u − v k QðdyÞ

� �

PðdxÞ:

Given that U and V are independent, the joint law of ðU, VÞ is the product measure P� Q: By Fubini/Tonelli the iterated 
integral equals the integral with respect to the product measure P� Q:

ð

U

ð

V

k u − v k QðdyÞPðdxÞ ¼
ð

U�V

k u − v k ðP� QÞðdx dyÞ ¼ EðU, VÞ�P�Q k U − V k½ �:

Consequently, Eq. (7) is equivalently written as 

EðP, QÞ ¼ 2 EðU, VÞ�P�Q k U − V k½ � − EP�P k U − U0 k
� �

− EQ�Q k V − V 0 k
� �

:

The last two expectations are already written as expectations under ðU, U0Þ � P� P and ðV , V 0Þ � Q� Q to emphasize 
that those terms depend only on the marginals P and Q. The product measure (joint law) P� Q is an element of the set of cou
plings PðP, QÞ: The usual Energy distance is closely related to the 1-Wasserstein distance evaluated at the independent/prod
uct coupling p? ¼ P� Q 2 PðP, QÞ:

EðP, QÞ ¼ 2 EðU, VÞ�p? k U − V k½ � − EP�P k U − U0 k
� �

− EQ�Q k V − V 0 k
� �

:

As noted by Duong et al. (2022), both the Wasserstein and Energy distances can be interpreted as the energy required to 
move one probability distribution P to another Q. The Wasserstein distance measures the cost of the optimal transport plan, 
whereas the Energy distance considers the cost of a random (maximum-entropy) transport plan. In the following section, we 
introduce a gradient-based fairness correction mechanism based on the Energy distance.

4. ENERGY GRADIENT FAIRNESS ADJUSTER
As outlined in Section 2, our goal is to mitigate group-level disparities across G � 2 protected groups by enforcing demo

graphic parity. More specifically, we seek to align the conditional distribution of predicted premiums p̂ðA, DÞ across all values 
of the sensitive attribute(s) D: The Energy distance provides a differentiable and geometrically meaningful measure of dispar
ity, making it particularly suitable for this type of gradient-based fairness correction.

4.1. Gradient-Based Fairness Correction
Let U, V 2 Rd be two independent random variables drawn from distributions P and Q, respectively. Given samples 

fuig
nu
i¼1 and fvjg

nv
j¼1 in Rd; the Energy distance, defined in Eq. (7), admits the empirical estimate

EðP, QÞ ¼
2

nu nv

Xnu

i¼1

Xnv

j¼1

k ui − vj k

−
1
n2

u

Xnu

i¼1

X

j6¼i

k ui − uj k −
1
n2

v

Xnv

i¼1

X

j6¼i

k vi − vj k ,
(8) 

with the pairwise Euclidean distance defined as

k ui − vj k¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Xd

k¼1

ðuik − vjkÞ
2

v
u
u
t :

We propose a fairness correction based on the Energy gradient that iteratively nudges the distributions of U and V toward 
each other. For an observed pair ðui, vjÞ; the gradients of the pairwise norm with respect to a component uik or vjk are

6 C. JAMOTTON AND D. HAINAUT



@ k ui − vj k

@uik
¼

uik − vik

k ui − vj k
, and

@ k ui − vj k

@vjk
¼ −

yjk − ujk

k vj − ui k
:

Hence, the gradient of the Energy distance with respect to individual observations fuig
nu
i¼1 and fvjg

nv
j¼1 is

ruiEðP, QÞ ¼
2

nunv

Xnv

j¼1

ui − vj

k ui − vj k
−

2
n2

u

Xnu

j¼1

ui − uj

k ui − uj k
, and

rvjEðP, QÞ ¼ −
2

nunv

Xnu

i¼1

vj − ui

k vj − ui k
þ

2
n2

v

Xnv

i¼1

vj − vi

k vj − vi k
:

By iteratively updating U and V via gradient descent, we progressively align their distributions:

Uðeþ1Þ

Vðeþ1Þ

� �

¼
UðeÞ

VðeÞ

� �

− g
rUEðP, QÞ
rVEðP, QÞ

� �

, (9) 

where g is the learning rate and e indexes the iteration (epoch).

Example 4.1 (Two sensitive groups). For G ¼ 2 groups (e.g., gender), let U ¼ p̂female and V ¼ p̂male, with d ¼ 1. 
Equation (9) can be rewritten as 

p̂fairðeþ1Þ ¼
p̂
ðeÞ
female

p̂
ðeÞ
male

 !

− g
rp̂ femaleEðP, QÞ
rp̂maleEðP, QÞ

� �

: (10) 

For G > 2 groups, the premium vector can be partitioned as

p̂ ¼ fp̂gg
G
g¼1 ¼

fp̂gg
dG=2e
g¼1

fp̂gg
G
g¼bG=2cþ1

 !

¼
U
V

� �

: (11) 

Note that the ordering of dimensions is not meaningful. Dimensions can be treated as exchangeable.

Example 4.2 (More than two sensitive groups). Consider the protected attributes D to include both the policyholder’s gen
der D1 2 ffemale; maleg and his age group D2 2 fyoung; middle-aged; seniorg, leading to G ¼ 6 distinct groups (e.g., 
young female, middle-aged male, etc.). Given that G ¼ 6, U and V are both three-dimensional variables in R3, with d ¼ 3, 
where fui, 1g

n1
i¼1 represents the young female premiums, fvj, 1g

nbG=2cþ1

j¼1 the young male premiums, fui, 2g
n2
i¼1 the middle-aged 

female premiums, etc.

Since the vectors p̂g sizes ng may differ across groups g 2 ð1, :::, GÞ; we account for unequal group sizes by sampling 
equal-sized subsets from U and V at each iteration (see Proposition 3.2). Moreover, to ensure pairwise comparisons are made 
not only within the same age category (e.g., comparing young female with young male, and middle-aged female with middle- 
aged male, etc.) but across different pairs (e.g., comparing young female with senior male), a uniform random permutation 
(Knuth 1981), denoted s; is applied to U (or V equivalently) at each iteration e.

Algorithm 4.1 is a pseudo-algorithm outlining the procedure. The premium predictions p̂ are adjusted iteratively using gra
dient descent (via backpropagation) over multiple epochs until the fairness loss function is minimized. The gradient rLfair ¼

rE is computed via automatic differentiation (using loss.backward in PyTorch).

ENERGY-BASED FAIRNESS ADJUSTER 7



4.2. New Policyholders
We further propose a mechanism to adjust predictions for new policyholders, so that we do not need to retrain the entire 

fairness adjuster. For each policyholder in the set used to train the fairness adjuster model, an individual fairness correction 
factor ci is defined as

ci ¼
p̂fair

i

p̂i
, 

where p̂i is the original predicted premium before fairness adjustment and p̂fair
i is the fairness-adjusted premium. This cor

rection factor ci quantifies the individual adjustment required for fairness. We train a random forest regressor fh to predict ci 

based on the policyholder’s features ðAi, DiÞ:

ĉi ¼ fh Ai, Dið Þ:

This model learns how different features influence fairness adjustments. For a new policyholder with features ðAnew, DnewÞ;

the fairness correction factor is predicted as

ĉnew ¼ fhðAnew, DnewÞ:

The initial regression model (e.g., LightGBM) predictions p̂new are then adjusted using this factor:

p̂fair
new ¼ p̂new � ĉnew:

As showed in Section 5.3, this mechanism assigns to new policyholders premiums that align with the fairness correction 
learned during the fairness adjuster training.

Algorithm 1: E-based fairness adjuster

Data: p̂ ¼ fp̂gg
G
g¼1 

1. Initialization: p̂fairð0Þ  fp̂gg
G
g¼1 

2. for e ¼ 1 to E do 

j
3.   Sample predictions as in Eq. (11):  Usðe − 1Þ sfp̂fair

g ðe − 1ÞgdG=2e
g¼1 2 Rnu�d    

Vðe − 1Þ  fp̂fair
g ðe − 1ÞgG

g¼bG=2cþ1 2 Rnv�d 

4.   Compute pairwise distances from Eq. (8):  distUY  
1

nunv

Pnu
i¼1

Pnv
j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pd

k¼1 ðuikðe − 1Þ − vjkðe − 1ÞÞ2
q

distUU  
1
n2

u

Pnu
i¼1

P
j6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pd

k¼1 ðuikðe − 1Þ − ujkðe − 1ÞÞ2
q

distVV  
1
n2

v

Pnv
i¼1

P
j6¼i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pd

k¼1 ðvikðe − 1Þ − vjkðe − 1ÞÞ2
q

5.   Compute Energy distance fairness loss: LfairðeÞ  2 � distUV − distUU − distVV 

6.   Compute gradient rLfairðeÞ w.r.t. Uðe − 1Þ, Vðe − 1Þ using Eq. (9) via automatic differentiation and update    
predictions:       

p̂fairðeÞ  
UðeÞ
VðeÞ

� �

¼
Uðe − 1Þ
Vðe − 1Þ

� �

− g
rUðe−1ÞLfairðeÞ
rVðe−1ÞLfairðeÞ

� �

7. end 
8. return p̂fairðEÞ
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4.3. Post Hoc Autocalibration
Finally, note that the regression models (particularly tree-based boosting) used to predict the premium best-estimates 

p̂ðA, DÞ often exhibit imbalances between predicted and actual claims total. Such discrepancies can adversely affect the finan
cial stability of an insurance portfolio.

A model is globally unbiased when the expected value of the predicted premiums matches the expected value of the actual 
outcomes Y:

E p̂ A, Dð Þ½ � ¼ E½Y�:

A model is locally unbiased when, for every specific value s of the predicted premiums,

E Y p̂ A, Dð Þ ¼ sj � ¼ s:
�

Deviations from these conditions indicate that certain segments may be underpriced or overpriced, with substantial implica
tions for insurance pricing strategies.

Denuit et al. (2021) address these calibration issues by proposing a local regression technique to correct model bias. The 
expected actual loss E Y p̂ðA, DÞj �

�
is first estimated using local regression techniques on ðp̂ðai, diÞ, yiÞ

� �
: The predictions p̂ 

are adjusted with a multiplicative factor kaðsÞ derived from the local regression estimates:

kaðsÞ ¼
E½Yjp̂ðA, DÞ ¼ s�

s
:

The balance corrected premiums p̂BC are then given by

p̂BC ¼ ka p̂ a, dð Þð Þ � p̂ a, dð Þ:

As illustrated in Section D, the balance correction is applied after the fairness adjustment, thereby ensuring that the final 
adjusted premiums accurately reflect the underlying risk across different segments:

p̂fair; BC ¼ kfair
a p̂fairð Þ � p̂fair:

5. RESULTS
In this section, we empirically evaluate the approach proposed in Section 4. In Section 5.1, we first introduce the datasets 

and their key characteristics. In Section 5.2, we model the premium best-estimates p̂ðA, DÞ using a tree-based boosting model 
(LightGBM). In Sections 5.3 and 5.4, we adjust the premium best-estimates for fairness across two and six protected demo
graphic groups, and correct for the balance bias.

5.1. Datasets
To evaluate the proposed methodology, we first simulate a motor insurance portfolio X of n ¼ 100 000 policies. Table 1

displays a sample of five policies, where each column corresponds to a rating factor. In this case study, the policyholder’s gen
der and age, two key risk factors in motor insurance, are considered as prohibited variables D ¼ ðD1, D2Þ: For each policy, we 
observe the number of claims Ni 2 f0, 1, 2, 3g reported during its contract duration (or exposure) �i 2 ð1, 365Þ measured in 
days. As the majority of policies report zero claims (see Table B1 in Appendix), the count variable N is highly zero-inflated. 
Throughout the analysis, we work with the claim frequency per unit of exposure ki ¼ Ni=�i: Note that we assume that the 
models predictions k̂ (per unit of exposure) are the so-called premium best-estimates p̂ðA, DÞ:

To gain further insight into the dataset, Figs. B1 and B2 in Appendix illustrate the distributions of the rating factors, pre
sented in Table 1, with respect to the variable of interest N. Figure B1 reports average claim counts across various categories, 
while Fig. B2 shows the empirical distributions of age and income across N 2 f0, 1, 2, 3g:

Note that the synthetic portfolio was generated using a combination of marginal distributions and dependency structures. 
For example, vehicle power class and vehicle type were generated using gender-dependent probabilities, while geographic 
location was generated conditionally on ethnicity. Income was constructed as a function of age, education, gender, ethnicity, 
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location, vehicle characteristics, and their associated multiplicative effects, creating a network of dependencies among varia
bles. Interaction effects were also deliberately introduced when generating claim frequencies. Examples include Gender �
Age, Age � Vehicle Type, Vehicle Power Class � Age, Geographic Location � Vehicle Power Class, and Education �
Income. These interactions create nonlinear relationships between protected and nonprotected variables, such that seemingly 
legitimate rating factors become statistically associated with protected attributes. As a result, several risk factors act as proxy 
variables for protected characteristics. For instance, vehicle type and power class indirectly encode information about gender, 
while geographic location partially reflects ethnicity. Because claim frequencies depend on these interacting factors, discrimin
ation can emerge indirectly even when protected attributes are excluded from the pricing model. This design provides a realis
tic setting for evaluating fair actuarial models, as it reproduces both direct and indirect pathways through which sensitive 
information can influence premium predictions.

To evaluate whether the gradient-based fairness correction maintains its effectiveness beyond controlled simulation settings, 
we also consider a real-world car insurance portfolio publicly available at Roy (2021). After removing observations with miss
ing values, the working dataset consists of 8 149 complete policies. Each contract is assigned a unit exposure �i ¼ 1; and the 
observed number of past accidents is used as the claim count, denoted Ni: Accordingly, we define the claim frequency as ki ¼

Ni=�i; which we model under a Poisson specification consistent with classical actuarial frequency modeling.
Table 2 presents five representative observations to illustrate the structure of the dataset. Each policy is described by two 

continuous variables (credit score and annual mileage) and a set of categorical attributes capturing demographic, socioeco
nomic, and vehicle-related characteristics. These include the policyholder’s gender and race (the sensitive attributes in our ana
lysis), age, driving experience, education level, income class, household composition, postal code, vehicle type, and traffic 
violations (speeding and driving under the influence, DUI).

For each dataset, we split the observations into three disjoint sets. A GLM and a LightGBM are trained on 60% of the data 
(in-sample training set) to obtain baseline predictive models for discriminatory premiums. The trained GLM and LightGBM 
models are used to predict discriminatory premiums on a first out-of-sample test set (with 20% observations). These discrimin
atory premiums are then corrected for fairness and balance (post hoc autocalibration). A random forest model is finally trained 
on the first out-of-sample set to approximate the mapping from features to corrected premiums. This allows prediction of 

TABLE 1 
Illustrative Sample of Five Policies from the Simulated Motor Insurance Portfolio X : Each Row Represents an Individual 

Policyholder Characterized by Continuous Covariates (Policyholder’s Income and Age) and Categorical Attributes 
(Vehicle’s Power, Policyholder’s Education and Geographic Location, Vehicle’s Type, Policyholder’s Gender and Ethnicity)

Income Age Power Education Location Type Gender Ethnicity

1 37047.85 27.48 Low High School Urban Sports M American
2 14426.15 24.31 High Bachelor Suburban SUV M Asian
3 25834.59 28.24 Medium High School Suburban SUV F European
4 51670.00 32.62 Low Master Urban Sports M American
5 28547.69 26.45 High PhD Rural Sedan F African
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

TABLE 2 
Illustrative Sample of Four Policies from the Car Insurance Portfolio Publicly Available at Roy (2021)

Age Gender Race Driving Exp. Education Income Credit Score � � �

1 65þ female majority 30yþ university upper class 0.592 � � �

2 40–64 female majority 20–29y high school middle class 0.654 � � �

3 26–39 female minority 10–19y none poverty 0.422 � � �

4 16–25 female majority 0–9y high school poverty 0.344 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.
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fairness-adjusted premiums for a held-out second out-of-sample test set (also with 20% observations), representing new policy
holders not used in the training or correction stages.

The analysis presented in the following sections on the simulated data is reproduced for the real-world dataset in Appendix 
F. As in the simulated study, enforcing demographic parity leads to a clear fairness–accuracy trade-off. While the adjustment 
successfully reduces dependence between premiums and protected characteristics, it deteriorates predictive performance and 
increases claim count overestimation. The loss in accuracy is particularly pronounced when demographic parity is enforced 
jointly across gender and ethnicity, as the (already limited) number of observations is further partitioned into smaller protected 
groups, reducing the reliability of the estimated group-specific distributions. The subsequent autocalibration step partially 
recovers actuarial balance and predictive accuracy without affecting demographic parity.

5.2. Best-Estimates
We consider a generalized linear model (GLM) and a boosting algorithm (LightGBM) to model the premium best-estimates 

p̂: The boosting model is tuned via lightgbm and optuna, with optimal hyperparameters reported in Table C1.
Figure 1 compares predicted and observed claim frequencies across 10 quantile bins. Bars represent total exposure within 

each bin, while the solid and dashed lines show the predicted k̂ and observed k frequencies, respectively. A closer alignment 
between the two lines across bins indicates superior model performance. The GLM (left plot) systematically under- and over
predicts frequencies in several bins, whereas LightGBM (right plot) aligns much more closely with the empirical frequencies 
across all bins.

The Poisson deviance (a likelihood-based measure of predictive accuracy) is widely used to evaluate claim count regression 
models. It is defined as

DPoisson k, k̂
� �

¼ 2
Xn

i¼1

Ni
�i

Ni
k̂i − ln

�i

Ni
k̂i

� �

þ 1
� �

I Ni�1f g

� �

, (12) 

where Ni; �i; and k̂i are respectively the ith policyholder’s observed number of claims, observed exposure, and estimated 
claim frequency (per unit of exposure).

Table 3 confirms that LightGBM has a lower deviance than the GLM, reflecting its ability to better capture the variation in 
the data by modeling nonlinear relationships and interactions more effectively than GLM (which is restricted to linear relation
ships unless explicitly specified).

Figure 2 further illustrates the distribution of predicted premiums and highlight differences in risk allocation between the 
two models.

Given the models predictions k̂; the probability of observing exactly c claim(s) is given by Poisson probability mass func
tion (pmf):

f ðc, kiÞ ¼ P Ni ¼ cð Þ ¼
kið Þ

ce−ki

c!
, 

FIGURE 1. Comparison of Predicted and Observed Claim Frequencies per Unit Exposure across 10 Quantile-Based Bins of Predicted Frequency. The Solid 
Line Shows the Estimated Frequency k̂ from the Model, While the Dashed Line Shows the Observed Frequency k Computed from the Data. The Bars 
Indicate the Total Exposure in Each Bin. Left Plot: GLM; Right Plot: LightGBM.
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with PðNi > 0Þ ¼ 1 − PðNi ¼ 0Þ ¼ 1 − e−ki : Summing these probabilities over all policies yields the expected total claim 
count for each claim level c. Table 4 compares observed and predicted counts. Although LightGBM better fits the quantile 
patterns (see Fig. 1) and deviance metrics (see Table 3), it overestimates by 13 the total number of policies with at least 
one claim c > 0: This overestimation bias is a well-known consequence of minimizing the Poisson deviance outside the 
canonical GLM setting (Denuit et al. 2021).

We can further check the estimation bias by running a simple Poisson regression of the intercept (b̂0 ¼ −2:0023) and con
sider its prediction per unit of exposure k̂ ¼ �p ¼ 0:13502 as the true premium mean. In Table 5, we compare it with the GLM 
and LightGBM average premium values �p ¼ 1

n

Pn
i¼1 k̂i (Denuit et al. 2021). While both models are close to the true premium 

mean �p ¼ 0:13502; LightGBM does slightly overestimate the average premium.

FIGURE 2. Histogram Comparison of Predicted Premiums p̂ for the GLM (Left) and LightGBM (Right). The Plots Illustrate the Distribution of Predicted 
Premiums and Highlight Differences in Risk Allocation between the Two Models.

TABLE 3 
Comparison of Poisson Deviance Values on the First Out-of-Sample Test Set for the GLM and 

the LightGBM. Lower Deviance Indicates a Better Fit to the Observed Claim Frequencies

Model Poisson deviance

GLM 6625.6248
LightGBM 6539.1550

TABLE 4 
Comparison between Observed and Predicted Claim Counts for the LightGBM and GLM. The Column c Denotes the 

Number of Claims per Policy, and the Gap Columns Show the Difference between Predicted and Observed Counts within 
Each Group. The Aggregated Row (c > 0) Summarizes the Total Predicted versus Observed Claim Counts for Policies with 

at Least One Claim. Highlighted Value Indicates the Total Gap

c Observed GLM LightGBM GLM gap LightGBM gap

0 18,719 18717.5133 18705.6169 −1.4867 −13.3831
1 1221 1213.9650 1224.7363 −7.0350 3.7363
2 56 65.2688 66.5456 9.2688 10.5456
3 4 3.1122 2.9848 −0.8878 −1.0152
> 0 1281 1282.4867 1294.3831 1.4867 13.3831
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The negative bias (or overestimation) observed in the LightGBM predictions can be corrected with a multiplicative factor 
E Y p̂ðXÞ ¼ F−1

p̂ ðuÞ
�
�

�
=F−1

p̂ ðuÞ
h

proposed by Denuit et al. (2021). This balance correction, detailed in Appendix D, is as key post 
hoc step of the fairness adjustment presented in Sections 5.3 and 5.4.

The best-estimate premiums p̂ðA, DÞ; presented in this section and in Appendix D, are discriminatory with respect to sensi
tive attributes such as gender. Following the theoretical framework outlined in Section 4, our goal is to enforce demographic 
parity by aligning the distributions of predicted premiums across G � 2 demographic groups. We first illustrate this mechan
ism for a binary sensitive attribute in Section 5.3, and extend the approach to settings where G > 2 in Section 5.4.

5.3. Fairness Adjustment G 5 2
In the binary setting G ¼ 2; the predicted (discriminatory) premiums p̂ are partitioned into two demographic groups 

fp̂gg
G
g¼1 corresponding to g ¼ fFemale, Maleg: These premiums are iteratively adjusted using Algorithm 4.1 to equalize not 

only the means, but also the dispersion and overall shape of their distributions.
Figure 3 illustrates the distributions of predicted premiums before and after fairness adjustment across the two demographic 

groups. Solid lines correspond to the original discriminatory premiums, while dashed lines represent the premiums after fair
ness correction. Prior to adjustment, the distributions clearly differ between genders, with females (in red) concentrated in the 
lower premium range and males (in blue) in the higher range, reflecting gender-based pricing differences. After fairness adjust
ment, the distributions for both groups nearly overlap, demonstrating that our Energy-based fairness correction effectively mit
igates gender-based disparities.

Enforcing independence between premiums and gender (a key risk factor) constrains the predictions and prevents the model 
from fully exploiting gender-related risk information. As illustrated in Fig. 4, the model inevitably sacrifices some predictive 

TABLE 5 
Summary Statistics of the Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), the Full GLM, and the 
LightGBM. Missing Quantiles for GLM b0 

Are Denoted by − Because This Produces a Constant Expected Premium across 
Policies. The Highlighted Value Indicates That the LightGBM’s Mean Prediction Diverges from the Baseline Mean

Statistic GLM b0
GLM LightGBM

Mean �p 0.1350 0.1350 0.1363
10% Quantile − 0.0602 0.0391
90% Quantile − 0.2288 0.2115

FIGURE 3. Kernel Density Estimates (KDEs) of Predicted Premiums by Gender. Solid Lines Represent the Original LightGBM Discriminatory Premiums, 
While Dashed Lines Correspond to the Fairness-Adjusted Premiums. The Male Group is Shown in Blue, the Female Group in Red, and the Overall Portfolio 
in Black.
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accuracy to enforce demographic parity. As later detailed in Table 10, the deterioration in predictive accuracy remains, how
ever, modest, with a þ0:62% increase in deviance relative to the GLM benchmark.

While the fairness adjustment inevitably alters the original premium distribution, Fig. E1 in Appendix E illustrates the cru
cial role of the intragroup terms E½k U − U0 k� and E½k V − V 0 k� in our fairness adjustment. Omitting these terms collapses 
the distributional spread (see last column) and leads to highly concentrated premium with unnaturally sharp and narrow peaks. 
This results in poor model accuracy, as the fairness-adjusted premiums do not respect the natural distributional spread of the 
initial (discriminatory) premiums p̂: Including these intragroup terms (see middle column) preserves the predictions dispersion, 
reflecting the model’s capacity to actuarially discriminate between policyholders, thereby ensuring a meaningful demographic 
parity adjustment, and highlighting the suitability of the Energy distance for this type of distributional fairness correction.

Tables 7 and 6 further reveal that the fairness adjustment also leads to an increase in the overestimation of the overall claim 
count (from 13 to 19), and to a larger deviation from the true mean l ¼ 0:13502:

In Fig. 5, a noticeable drop below the diagonal is observed (right plot) for higher levels of s, which may explain the 
increased negative bias detected after fairness adjustment in Table 6. A detailed view of the local bias is provided in Fig. E2
(in Appendix E).

The negative bias (or overestimation) observed in the fair LightGBM predictions can be corrected using the multiplicative 
bias-correction factor proposed by Denuit et al. (2021) detailed in Appendix D: 

E Yjp̂ðXÞ ¼ F−1
p̂ ðxÞ

� �

F−1
p̂ ðxÞ

, 

and estimated using a local GLM smoother with bandwidth a ¼ 0:16:
Table F33 reports summary statistics before and after bias correction. The average premium shifts from 0.1366 to 0.1351, 

bringing it close to the reference mean 0.13502.
Table 9 shows the improvement in predicted claim counts. The gap in the number of policies with at least one claim drops 

from 19.91 to 5.55.

FIGURE 4. Evolution of the Fairness Loss (in Eq. [7]) and the Poisson Deviance Loss (in Eq. [12]) over Training Epochs.

TABLE 6 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), the Standard LightGBM, and 
the Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence from the Target Mean Premium, Indicating the 

Effect of Fairness Adjustment

Statistic GLM b0
LightGBM Fair LightGBM

Mean �p 0.1350 0.1363 0.1366
10% Quantile − 0.0391 0.0587
90% Quantile − 0.2115 0.2050
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Table 10 summarizes the Poisson deviance values. We note that the fairness–accuracy trade-off manifests at two dis
tinct levels. First, thre is a slight degradation in predictive accuracy (individual deviance fit) from 6539.155 to 6666.717 
immediately after the fairness adjustment. The fairness correction inevitably reduces predictive accuracy to some extent, 
as the optimization process prioritizes demographic parity over likelihood-based fit. Enforcing independence between 
premiums and gender (a key risk factor) further prevents the model from fully exploiting gender-related risk information. 
Second, there is a minor imbalance in aggregate calibration (alignment between predicted and observed total claims 
shown in Table 7). To address the latter, we introduced an additional post hoc step, which partially restores not only the 
actuarial balance but also the predictive accuracy (6654.98) that was temporarily reduced by the fairness correction, with
out affecting fairness, as shown in Fig. 6.

Figure 6 shows the local redistribution of density after balance correction (dotted lines). It further confirms that, even after 
balance correction, fairness is maintained as the conditional premium densities for both gender groups remain well aligned.

TABLE 7 
Comparison of Observed Claim Counts with Predictions from Standard LightGBM and Fairness-Adjusted LightGBM. The 
Gap Columns Show the Difference between Predicted and Observed Counts. Highlighted Values Indicate the Aggregated 

Total Gaps, Illustrating the Impact of the Fairness Adjustment on Total Balance

c Observed LightGBM Fair LightGBM LightGBM gap Fair LightGBM gap

0 18719 18705.6169 18699.0905 −13.3831 −19.9095
1 1221 1224.7363 1234.2958 3.7363 13.2958
2 56 66.5456 63.7865 10.5456 7.7865
3 4 2.9848 2.7249 −1.0152 −1.2751
> 0 1281 1294.3831 1300.9095 13.3831 19.9095

TABLE 8 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), Standard LightGBM, 
Fairness-Adjusted LightGBM, and Bias-Corrected Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence 

from the Target Mean Premium, Illustrating the Effect of Fairness Adjustment and Subsequent Bias Correction

Statistic GLM b0
LightGBM Fair LightGBM Fair BC LightGBM

Mean �p 0.1350 0.1363 0.1366 0.1351
10% Quantile − 0.0391 0.0587 0.0461
90% Quantile − 0.2115 0.2050 0.2035

FIGURE 5. Visualization of s7!E½Yjp̂ðXÞ ¼ s� before and after Fairness Adjustment (FA) across the Gender Variable.
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Table 11 summarizes several keys fairness metrics discussed in the literature. These include the Wasserstein distance 
WpðU, VÞ extensively studied by Hu et al. (2023a, 2023b), Charpentier (2023), and Charpentier et al. (2023) and inspired by 
Chzhen et al. (2020), the MMD and Sinkhorn divergence S�ðU, VÞ proposed by Oneto et al. (2020), and widely adopted met
rics in the statistical and causal theory (see, e.g., Charpentier 2023; Deka and Sutherland 2023) such as the group fairness in 

TABLE 9 
Comparison of Observed Claim Counts with Predicted Claims from the Fairness-Adjusted LightGBM before and after Bias 
Correction. The Gap Columns Show the Difference between Predicted and Observed Counts. Highlighted Values Indicate 

the Aggregated Total Gaps, Illustrating the Reduction of Prediction Bias after Applying Balance Correction

c Observed Fair LightGBM Fair BC LightGBM Fair LightGBM gap Fair BC LightGBM gap

0 18,719 18699.0905 18713.4489 −19.9095 −5.5511
1 1221 1234.2958 1221.2914 13.2958 0.2914
2 56 63.7865 62.5397 7.7865 6.5397
3 4 2.7249 2.6244 −1.2751 −1.3756
> 0 1281 1300.9095 1286.5511 19.9095 5.5511

TABLE 10 
Poisson Deviance Comparison at the Same Evaluation Stage (Out-of-Sample 1) for the Generalized Linear Model (GLM), 
Bias-Corrected (BC), and Fairness-Adjusted Versions of the LightGBM Model. Lower Deviance Indicates a Better Fit to 

the Observed Claim Frequencies. D Percentages Compare Each Fairness (and Balance) Corrected Model Relative 
Deterioration with the GLM and LightGBM

Model Poisson Deviance D GLM D LightGBM

GLM 6625.6248
LightGBM 6539.1550 −1:3051%

LightGBM BC 6542.6450
LightGBM fair (gender) 6666.7170 þ0:6202% þ1:9507%

LightGBM fair BC (gender) 6654.9800 þ0:4430% þ1:7713%

FIGURE 6. Kernel Density Estimates (KDEs) of Predicted Premiums by Gender. Solid Lines Represent the Original LightGBM Discriminatory Premiums, 
Dashed Lines the Fairness-Adjusted Premiums, and Dotted Lines the Fairness-Adjusted and Balance-Corrected Premiums. The Male Group Is Shown in 
Blue, the Female Group in Red, and the Overall Portfolio in Black.
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expectation DGFE and statistical parity DSP: We further provide the Wasserstein barycenter and MMD-based adjustments 
benchmarks for comparison in Appendix G. The comparison with the Wasserstein benchmark highlights important differences 
in how demographic parity is enforced. Although both methods reduce group disparities, the Wasserstein correction achieves 
parity through quantile-level redistribution, resulting in larger distortions among high-risk policyholders and weaker rank pres
ervation. In contrast, the proposed energy-based adjustment results in larger distortions among lower risk policyholders, better 
preserves the original risk ranking, and achieves stronger conditional parity for high-risk policyholders.

For new policyholders, we extend this methodology by applying an individual correction factor ci; as outlined in Section 
4.2. A random forest regressor learns the mapping from policyholder characteristics to correction factors, generalizing the fair
ness adjustment mechanism beyond the dataset (out-of-sample 1) used to train the adjuster.

Figure 7 shows that the adjusted predictions for new policyholders (out-of-sample 2) remain consistent across sensitive 
groups with the results observed in Fig. 6, with only minor deviations.

Table 12 summarizes the Poisson deviance results before and after fairness correction on the new test set (out-of-sample 2) 
with 20,000 policies. The fair LightGBM model exhibits slightly higher deviance than the unconstrained LightGBM on both 
out-of-sample sets (þ1.95% and þ2.60% relative to LightGBM), consistent with typical accuracy–fairness trade-offs. All 
models, including GLM and baseline LightGBM, deteriorate when predicting genuinely new policyholders (D of þ3.8– 
4.13%), indicating that a portion of the deviance increase for the new policyholders (from þ1.95% to þ2.60%) stems from 
intrinsic out-of-sample difficulty rather than from instability introduced by the fairness mechanism (Hainaut 2025).

TABLE 11 
Comparison of Key Fairness Metrics before and after E-Based Fairness Adjustment and Balance Correction. MMD Is 

Computed Using a Gaussian RBF Kernel kðu, vÞ ¼ exp ð− k u − vk2=ð2r2ÞÞ with Fixed Bandwidth r ¼ 0:1

Metric with U ¼ p̂Female and V ¼ p̂Male p̂ p̂fair; BC

EðU, VÞ ¼ 2E½k U − V k� − E½k U − U
0

k� − E½k V − V
0

k� 0.042704 8e-06
WpðU, VÞ ¼ ðinfc2CðU, VÞEðU, VÞ�c k U − VkpÞ

1=p
ðp ¼ 1Þ 0.064760  
ðp ¼ 2Þ 0.070531.

0.001529 
0.002113.

MMD2ðU, VÞ ¼ E½kðU, U
0

Þ� þ E½kðV, V
0

Þ� − 2E½kðU, VÞ� 0.205325 2e-06
S�¼0:1ðU, VÞ ¼ W�ðU, VÞ − 1

2 W�ðU, UÞ − 1
2 W�ðV , VÞ 0.028611 2.2e-05

DGFE ¼ jE½U� − E½V�j 0.062959 0.000155
DSP ¼ supsjPðU � sÞ − PðV � sÞj 0.396203 0.030354

FIGURE 7. Kernel Density Estimates (KDEs) of Predicted Premiums by Gender for New Policyholders. Solid Lines Represent the LightGBM 
Discriminatory Premiums, and Dashed Lines the Fairness-Adjusted Premiums. The Male Group Is Shown in Blue, the Female Group in Red, and the Overall 
Portfolio in Black.
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5.4. Fairness Adjustment G > 2
As discussed in Section 4, our E-adjuster can simultaneously adjust premiums across more than two sensitive groups. For 

G > 2; the predicted premiums p̂ are partitioned into G vectors fp̂ggg¼1, :::, G of sizes ng organized in d-dimensional variables 
U and V as in Eq. (11). In this setting, equal-sized samples are drawn from each group in U, and for each group in V. A uni
form random permutation is also applied to ensure the pairwise comparisons span all group combinations (see Algorithm 4.1).

Figure 8 illustrates the fairness adjustment of p̂ across six demographic groups, determined by the policyholders’ gender 
(female or male) and age (young, middle-aged, or senior). The solid lines correspond to the initial predicted premiums parti
tioned into G demographic groups fp̂gg

6
g¼1: The overlapping dashed lines correspond to the corresponding fairness adjusted 

premiums fp̂fair
g g

6
g¼1: We observe that after adjustment, the dashed lines largely overlap within each gender–age pairing, indi

cating that the E-adjuster has effectively reduced disparity across these six groups, while preserving the spread of the initial 
distribution (in black).

Tables 13 and 14 reveal that the fairness adjustment leads to a significant underestimation (around −42) of the overall num
ber of claims, and a larger deviation from the mean value.

TABLE 12 
Poisson Deviance Comparison across Models: (i) In-Sample (Training) Set (n ¼ 60, 000) to Fit the Discriminatory GLM 

and LightGBM Models, (ii) a First Out-of-Sample (Test) Set (n ¼ 20, 000) to Predict Discriminatory Premiums and Correct 
for Fairness and Autocalibration, and (iii) a Second Out-of-Sample (Test) Set (n ¼ 20, 000) of New Policyholders, for 

Which Corrected Premiums Were Predicted Using a Random Forest Trained on the First Test Set. Percentages in 
Parentheses Compare Each Model with the GLM and LightGBM at the Same Evaluation Stage. D Measures the Relative 

Deterioration When Moving from the First to the Second Out-of-Sample (New Policyholders) Set

In-sample Out-of-sample 1 Out-of-sample 2 D

GLM 19997.9223 6625.6248 6880.0621 þ3.8102%
LightGBM 19539.5379 6539.1550 (−1.3051%) 6809.2512 (−1.0292%) þ4.1304%
LightGBM fair − 6666.7170 (þ1.9507%) 6986.1686 (þ2.5982%) þ4.7917%

6666.7170 (þ0.6202%) 6986.1686 (þ1.5422%)

FIGURE 8. Kernel Density Estimates (KDEs) of Predicted Premiums by Gender and Age Group. Solid Lines Represent the LightGBM Discriminatory 
Premiums, and Dashed Lines the Fairness-Adjusted Premiums. The Male Groups Are Shown in Blue, the Female Groups in Red, and the Overall Portfolio in 
Black. The Color Shades Correspond to Age Groups. Histogram Correspond to the Overall Empirical Frequencies of Female, Male, and Overall 
Discriminatory Premiums.
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For a ¼ 0:02; we manage to significantly improve the underestimation after balance correction. In Table 15 we observe a 
smaller divergence from the true mean l ¼ 0:13502; from 0.1298 to 0.1341, and in Table 16 we observe a decrease in the 
overall overestimation from −42 to 6.94 claims.

Table 17 summarizes the deviance loss before and after fairness adjustment (for G ¼ 2 and G ¼ 6) and balance correction. 
As expected, the deviance deteriorates much more when adjusting across six demographic groups (gender and age jointly) 
compared to two (gender only). This reflects the increasing difficulty of aligning multiple conditional premium distributions 
simultaneously, especially when these attributes are strong predictors. The post hoc autocalibration step does recover a nonne
gligible portion of predictive accuracy. For example, for the six-group setting, the deviance decreases from 7341.93 to 6891.32 
after balance correction (i.e., þ4% relative to the GLM benchmark), showing that the post hoc calibration mitigates a substan
tial share of the initial accuracy loss.

Insurers should be aware that the fairness adjustment may disproportionately affect smaller or extreme subgroups. Table 18
presents the Poisson deviance for each gender–age subgroup, comparing the baseline LightGBM predictions with the fairness- 
adjusted and balance-corrected models. The relative change (%) in Poisson deviance quantifies the trade-off between enforcing 
demographic parity and preserving predictive accuracy across demographic group. Fairness adjustment alone deteriorates 

TABLE 13 
Comparison of Observed Claim Counts with Predictions from Standard LightGBM and Fairness-Adjusted LightGBM. The 
Gap Columns Show the Difference between Predicted and Observed Counts. Highlighted Values Indicate the Aggregated 

Total Gaps, Illustrating the Impact of the Fairness Adjustment on Total Balance

c Observed LightGBM Fair LightGBM LightGBM gap Fair LightGBM gap

0 18719.0 18705.6169 18761.1463 −13.3831 42.1463
1 1221.0 1224.7363 1178.2408 3.7363 −42.7592
2 56.0 66.5456 58.1117 10.5456 2.1117
3 4.0 2.9848 2.4107 −1.0152 −1.5893
> 0 1281.0 1294.3831 1238.8537 13.3831 −42.1463

TABLE 14 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), Standard LightGBM, and 
Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence from the Target Mean Premium, Illustrating the 

Effect of Fairness Adjustment

Statistic GLM b0
LightGBM Fair LightGBM

Mean �p 0.13502 0.136334 0.129824
10% Quantile 0.039125 0.061754
90% Quantile 0.211547 0.203506

TABLE 15 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), Standard LightGBM, 
Fairness-Adjusted LightGBM, and Bias-Corrected Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence 

from the Target Mean Premium, Illustrating the Effect of Fairness Adjustment and Subsequent Bias Correction

Statistic GLM b0
LightGBM Fair LightGBM Fair BC LightGBM

Mean �p 0.13502 0.136334 0.129824 0.134132
10% Quantile 0.039125 0.061754 0.107966
90% Quantile 0.211547 0.203506 0.160423
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deviance for all groups, with the largest relative increases observed for young males (23.36%) and senior females (24.71%). 
This reflects that substantial redistribution of predicted premiums is needed in these groups with higher frequencies to achieve 
fairness, which naturally affects predictive accuracy.

Applying the post hoc balance correction substantially mitigates these increases. For example, young males’ deviance 
increase drops from 23.36% to 2.37%, and young females’ from 21.10% to 1.35%. Similarly, middle-aged and senior male 
groups also see their relative increases fall below 5%, indicating that the BC step effectively restores predictive accuracy 
(while retaining the fairness adjustment).

Interestingly, the post hoc balance correction slightly amplifies the increase in deviance for middle-aged and senior female 
policyholders. This highlights the difficulty of retaining predictive accuracy for lower claim frequency groups (see darker red 
KDEs in Fig. 8, where a substantial mass of the initial premium distributions is around 0).

TABLE 16 
Comparison of Observed Claim Counts with Predicted Claims from the Fairness-Adjusted LightGBM before and after Bias 
Correction. The Gap Columns Show the Difference between Predicted and Observed Counts. Highlighted Values Indicate 

the Aggregated Total Gaps, Illustrating the Reduction of Prediction Bias after Applying Balance Correction

c Observed Fair LightGBM Fair BC LightGBM Fair LightGBM gap Fair BC LightGBM gap

0 18719.0 18761.1463 18712.0574 42.1463 −6.9426
1 1221.0 1178.2408 1230.1127 −42.7592 9.1127
2 56.0 58.1117 55.8166 2.1117 −0.1834
3 4.0 2.4107 1.9556 −1.5893 −2.0444
> 0 1281.0 1238.8537 1287.9426 −42.1463 6.9426

TABLE 17 
Poisson Deviance Comparison across Models at the Same Evaluation Stage (Out-of-Sample 1). D Percentages Compare 

Each Fairness (and Balance) Corrected Model Relative Deterioration with the GLM and LightGBM

Model Poisson Deviance D GLM D LightGBM

GLM 6625.6248
LightGBM 6539.1550 −1:3051%

LightGBM BC 6542.6450
LightGBM fair (gender) 6666.7170 þ0:6202% þ1:9507%

LightGBM fair BC (gender) 6654.9800 þ0:4430% þ1:7713%

LightGBM fair (age & gender) 7341.9258 þ10:8111% þ12:2764%

LightGBM fair BC (age & gender) 6891.3200 þ4:0101% þ5:3855%

TABLE 18 
Poisson Deviance by Demographic Group for LightGBM, Fairness-Adjusted LightGBM, and Fairness-Adjusted LightGBM 

with Balance Correction (BC). Percentage Increases Relative to LightGBM Are Shown for Both Adjustments

Gender Age group n LightGBM Fair LightGBM Fair BC LightGBM % Fair % Fair BC

Female Middle-aged 3,391 708.7603 812.7800 820.6330 14:6763% 15:7843%

Female Senior 2,636 451.4856 563.0406 572.7071 24:7084% 26:8495%

Female Young 4,049 1,631.4034 1,975.6220 1,653.4445 21:0995% 1:3510%

Male Middle-aged 3,328 1,184.7231 1,384.3420 1,204.5646 16:8494% 1:6748%

Male Senior 2,644 849.8874 974.0947 886.5005 14:6146% 4:3080%

Male Young 3,952 1,712.8952 2,113.0673 1,753.4705 23:3623% 2:3688%
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Overall, the results highlight that although fairness enforcement inevitably perturbs the original predictions, especially for 
groups with higher claim frequencies (i.e., young policyholders), the post hoc autocalibration mitigates much of the associated 
loss.

Calibration tables in Appendix E further show the impact of fairness corrections by subgroup. For senior policyholders, 
females (Table E3) experience a substantial degradation in calibration after fairness adjustment, with deviations of −103:00 
(c ¼ 0), whereas males (Table E6), despite being similarly represented, show negligible changes (2.78). This also reflects that 
substantial redistribution of predicted premiums is needed in the lower claim frequencies groups (see senior and middle-aged 
KDEs in Fig. 8) to achieve fairness, which naturally affects calibration.

6. DISCUSSION
In this chapter, we introduce a novel gradient-based group fairness correction using the multivariate Energy distance to 

enforce demographic parity and reduce group-level disparities across multiple sensitive attributes simultaneously. The multi
variate nature of the Energy distance is a key advantage of our approach. It allows for simultaneous fairness adjustments across 
protected variables with different numbers of sensitive classes, such as gender (binary) and discretized age (multiclass), and is 
therefore order-independent.

As expected, the loss in accuracy increases when the number of demographic groups grows, reflecting the greater difficulty 
of simultaneously aligning multiple conditional premium distributions, especially when enforcing fairness for key risk factors, 
such as gender and age in car pricing. However, the predictive accuracy is partially recovered through a post hoc autocalibra
tion step (Denuit et al. 2021) introduced to correct biases in the total predicted claim count after fairness adjustments.

We further introduce a simple out-of-sample mapping mechanism to apply fairness corrections to new policyholders. While 
the random forest used to map policyholder characteristics to individual correction factors does require training, it is important 
to distinguish this lightweight postprocessing step from retraining the underlying pricing model. The LightGBM estimator and 
gradient-based fairness correction are not refitted once the fairness-adjusted premiums have been produced. As with any pre
dictive model, some degradation is observed when moving to genuinely new policyholders, but our results indicate that this 
deterioration is comparable to the baseline in-/out-of-sample gap observed for both GLM and unconstrained LightGBM 
models.

While gradient descent introduces an optimization layer, the process remains transparent and explainable to regulators for 
several reasons.

First, the LightGBM model that provides the initial discriminatory premium predictions is itself a standard, interpretable 
model in actuarial practice, with feature importances and partial dependence plots readily available to explain its drivers.

Second, the fairness adjustment is applied as a post hoc correction, rather than as an in-processing constraint embedded 
inside the model fitting. We believe this distinction is important for transparency. In-processing methods typically modify the 
loss function or introduce latent constraints during training, making each change in the predictions less interpretable. In con
trast, in our postprocessing setup, the correction is defined by a single, well-specified quantitative objective, that is, minimizing 
the Energy distance between conditional premium distributions across sensitive groups. At every iteration, the magnitude and 
direction of the adjustment can be quantified as a deterministic transformation of the original predictions, allowing practi
tioners to track (and justify) fairness improvements step by step.

Moreover, this Energy distance itself has a well-established statistical interpretation as a measure of disparity between dis
tributions. The between-group term encourages the alignment of premiums across groups (reducing disparities between U and 
V), while the within-group terms preserve the internal variability of each group. This structure ensures that the correction 
smooths intergroup differences (improving inter-group fairness) without collapsing intragroup heterogeneity/diversity, thereby 
maintaining portfolio diversity and the credibility structure of the premiums.

Third, the post hoc autocalibration step (following Denuit et al. (2021)) adds a local GLM correction to the adjusted premi
ums. GLMs are a well-documented and interpretable regression framework in actuarial practice, and this step systematically 
restores balance with actual claims while preserving actuarial soundness.

We believe that the combination of these sequential steps makes the contribution of each fairness or calibration correction 
transparent.

Besides this transparency concern, another practical challenge in fair insurance pricing arises when protected attributes are 
not available. Recent works have addressed this issue explicitly. For instance, Gabric et al. (2024) propose a variational 
Bayesian framework for discrimination-free pricing in the absence of observed sensitive attributes, while Zhang et al. (2025) 
consider settings where sensitive attributes are available only in a noisy or privatized form. These approaches highlight an 
important distinction between fairness under full observability and fairness under partial access to protected information.
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In the context of the proposed energy-distance-based framework, the case of noisy or privatized sensitive attributes can in prin
ciple be accommodated by replacing exact group membership with its observed corrupted counterpart, leading to fairness constraints 
defined over induced noisy group partitions. However, the resulting fairness penalty is then aligned with the distribution of the 
observed (noisy) attribute rather than the true latent protected attribute, introducing an additional layer of measurement error.

By contrast, the fully unobserved case is fundamentally more challenging. In the absence of any direct information on pro
tected attributes, enforcing group-wise distributional alignment requires introducing additional modeling assumptions, such as 
latent group structure or the use of proxy variables correlated with the protected attribute. This includes approaches where sen
sitive attributes are inferred from observable features (e.g., name- or location-based inference as in the Colorado BIFSG frame
work), but such strategies raise well-known concerns regarding identifiability, stability, and the normative validity of the 
resulting fairness guarantees, since the fairness constraint becomes dependent on an estimated rather than on observed pro
tected structure, which may itself embed bias and introduce additional layers of uncertainty.
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APPENDIX A. PROOFS

Proof of Proposition 3.1. The Cram�er distance is unique among lp
p distances as its sample gradient is an unbiased estimator 

of the population gradient. This property, established by Bellemare et al. (2017, 16), is crucial in stochastic gradient-based 
optimization when probability measures are used as loss functions.

Let P be a probability distribution, and let fQhgh2H denote a differentiable parametric family of probability measures 
with cumulative distribution functions FPðuÞ and FQh

ðuÞ: The squared l2 distance admits the representation:

l2
2ðP, QhÞ ¼

ðþ1

−1
ðFQh
ðuÞ − FPðuÞÞ

2du:

By definition, differentiating with respect to h gives

rh l2
2ðP, QhÞ ¼ rh

ðþ1

−1
FQh
ðuÞ − FPðuÞ

� �2
du:

Under the hypothesis that the convergence of the square follows from the convergence of the ordinary values (see, e.g., 
the Leibniz rule under dominated convergence), we may swap differentiation and integration:

¼

ðþ1

−1
rh FQh

ðuÞ − FPðuÞ
� �2

du:
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Application of the chain rule of differentiation then gives

¼

ðþ1

−1
2 FQh

ðuÞ − FPðuÞ
� �

rhFQh
ðuÞdu:

By Lemma 1 in Bellemare et al. (2017, 14), we replace the true CDF FPðuÞ by its expected empirical CDF 
EUm�P½FP̂m

ðuÞ�:

¼

ðþ1

−1
2 FQh

ðuÞ − EUm�P FP̂m
ðuÞ

� �� �
rhFQh

ðuÞdu:

By linearity of expectation,

¼

ðþ1

−1
2 EUm�P FQh

ðuÞ − FP̂m
ðuÞ

� �
rhFQh

ðuÞdu:

By Fubini’s theorem (Royden and Fitzpatrick 1988), we interchange the order of integration and expectation:

¼ EUm�P
Ðþ1

−1 2ðFQh
ðuÞ − FP̂m

ðuÞÞrhFQh
ðuÞdu

¼ EUm�P rh l2
2ðP̂m, QhÞ

h i

:

Proof of Proposition 3.2. Following Bellemare et al. (2017, 16), the Energy distance between two probability measures P 
and Qh is defined as

EðP, QÞ ¼ 2E k U − V k −E k U − U0 k −E k V − V 0 k , 

where X � P; Y � Qh; and U0, V 0 are independent copies of U and V, respectively. For the empirical measure P̂m; we write 
Ûm � P̂m: The gradient of EðP, QhÞ w.r.t. h is

rh EðP, QhÞ ¼ rh 2E k U − V k −E k U − U0 k −E k V − V 0 kð Þ

¼ 2rh E k U − V k −rh E k U − U0 k −rh E k V − V 0 k :

Since E k U − U0 k does not depend on h; this simplifies to

¼ 2 rh E k U − V k −rh E k V − V 0 k :

Similarly, for the empirical measure P̂m; we have

rh E P̂m, Qh

� �
¼ rh 2E k Ûm − V k −E k Ûm − Û

0

m k −E k V − V 0 k
� �

¼ 2 rh E k Ûm − V k −rh E k V − V 0 k :

All together, we have

rh EðP, QhÞ ¼ EUm�P rh EðP̂m, QhÞ

2 rh E k U − V k −rh E k V − V 0 k¼ 2 EUm�Prh E k Ûm − V k −rh E k V − V 0 k
rh E k U − V k¼ EUm�Prh E k Ûm − V k :
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Under the assumption that rh and the expectation over Um commute, we have

rh E k U − V k¼ rhEUm�P E k Ûm − V k :

Under the independence of the variables with P̂m and Qh; we have

¼ rhEUm�P E Eu�P̂m
k u − V k :

Finally, given that the expected empirical distribution is P, we find

¼ rhEu�P E k u − V k
¼ rh E k U − V k :

which establishes that the Energy distance gradient computed from a finite sample is an unbiased estimator of the popula
tion gradient. �

Proof of equivalence with the Energy distance. In the univariate case, Sz�ekely (2003) established that the Energy distance 
and the l2

2 distance are linearly related:

l2
2ðP, QÞ ¼

1
2
EðP, QÞ:

Let P and Q be probability distributions on R with cumulative distribution functions FP and FQ; respectively. In one 
dimension, the Euclidean norm k x − y k reduces to the absolute value jx − yj for scalars x, y 2 R: Therefore, the Energy dis
tance can be expressed as

EðP, QÞ ¼ 2 E jU − Vj½ � − E jU − U0j
� �

− E jV − V 0j
� �

, 

where U, U0 � P i.i.d. and V, V 0 � Q i.i.d., with all pairs independent. By definition of the expectation of functions of inde
pendent random variables,

E jU − Vj½ � ¼
Ð1

−1
Ð1

−1 ju − vjdPðuÞdQðvÞ:

E jU − U0j½ � ¼
Ð1

−1
Ð1

−1 ju − u0jdPðuÞdPðu0Þ:

E jV − V 0j½ � ¼
Ð1

−1
Ð1

−1 jv − v0jdQðvÞdQðv0Þ:

It is well known (Sz�ekely 2003) that, in one dimension, the expected absolute difference can be expressed in terms of the 
squared difference of the CDFs:

E jU − Vj½ � ¼
Ð1

−1ðFPðuÞ þ FQðuÞ − 2FPðuÞFQðuÞÞdu ¼
Ð1

−1ðFPðuÞ − FQðuÞÞ
2 du

E jU − U0j½ � ¼
Ð1

−1ðFPðuÞ þ FPðuÞ − 2FPðuÞ
2
Þdu ¼

Ð1
−1ð2FPðuÞ − 2FPðuÞ

2
Þdu

E jV − V 0j½ � ¼
Ð1

−1ð2FQðuÞ − 2FQðuÞ
2
Þdu:

Substituting these results into the definition of Energy distance gives

EðP, QÞ ¼ 2E jU − Vj½ � − E jU − U0j½ � − E jV − V 0j½ �

¼
Ð1

−1 2FPðuÞ þ 2FQðuÞ − 4FPðuÞFQðuÞ − ð2FPðuÞ − 2FPðuÞ
2
Þ − ð2FQðuÞ − 2FQðuÞ

2
Þ

h i

du

¼
Ð1

−1 −4FPðuÞFQðuÞ þ 2FPðuÞ
2
þ 2FQðuÞ

2
h i

du

¼ 2
Ð1

−1 −2FPðuÞFQðuÞ þ FPðuÞ
2
þ FQðuÞ

2
h i

du

¼ 2
Ð1

−1ðFPðuÞ − FQðuÞÞ
2 du

¼ 2l2
2ðP, QÞ:
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APPENDIX B. DATASETS

TABLE B1 
The Number of Policies and the Corresponding Percentage for Each Observed Claim Count 

Ni 2 f0, 1, 2, 3g in the Synthetic Motor Insurance Portfolio. As Shown, the Majority of Policies 
Have Zero Claims, Highlighting the Rarity of the Event

Number of claims Count Percentage

0 93,535 93.53%
1 6,109 6.11%
2 335 0.34%
3 21 0.02%

FIGURE B1. Average Number of Claims per Policyholder for Each Category of the Discrete Rating Factors in the Simulated Motor Insurance Portfolio. 
Categories within Each Factor Are Sorted in Descending Order of Claim Frequency to Highlight the Most at-Risk Segments.

FIGURE B2. Density Distributions of the Continuous Rating Factors (Age and Income) Stratified by the Number of Claims Ni 2 f0, 1, 2, 3g in the Simulated 
Motor Insurance Portfolio. These Plots Show How the Distribution of Continuous Covariates Varies across Different Claim Counts.
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APPENDIX C. BEST-ESTIMATES

APPENDIX D. BEST-ESTIMATES AUTOCALIBRATION

The negative bias (or overestimation) observed in the LightGBM predictions in Table 5 can be corrected using the multi
plicative bias-correction factor proposed by Denuit et al. (2021):

E Yjp̂ðXÞ ¼ F−1
p̂ ðxÞ

� �

F−1
p̂ ðxÞ

, (D1) 

estimated using a local smoother with bandwidth a ¼ 0:25: This correction reduces global bias while preserving the Poisson 
deviance (barely increases, from 6539.15 to 6542.64).

Table D1 reports summary statistics before and after bias correction. The average premium shifts from 0.1363 to 0.1346, 
bringing it close to the reference mean.

Table D2 shows the improvement in predicted claim counts. The gap in the number of policies with at least one claim 
drops from 13.38 to −1:37; effectively removing the systematic bias.

Figure D1 displays histograms of premium predictions before and after bias correction.
Figure D2 illustrates how the mapping s7!E Y p̂ðXÞ ¼ sj �

�
moves closer to the first bisector (i.e., true mean) lðxÞ ¼

E YjX ¼ x½ � after correction.

TABLE C1 
Optimized LightGBM Hyperparameters Using Optuna and Their Descriptions

Parameter Value Description

learning_rate 0.0099 Step size shrinkage used in each boosting step to prevent overfitting. 
Smaller values make learning more conservative.

feature_fraction 0.9368 Fraction of features randomly selected for each tree (column 
subsampling), used to prevent overfitting.

bagging_fraction 0.6151 Fraction of data randomly selected for each bagging iteration (row 
subsampling), helps reduce variance.

bagging_freq 4 Frequency of bagging; LightGBM performs data subsampling every four 
boosting iterations.

lambda_l2 2.5348e-05 L2 regularization term on weights to prevent overfitting (ridge penalty).
min_sum_hessian_in_leaf 0.7570 Minimum sum of instance Hessians (second-order gradients) in a leaf; 

larger values can make the model more conservative.
max_depth 6 Maximum depth of each tree; limits model complexity and helps control 

overfitting.
min_gain_to_split 0.4139 Minimum gain required to make a further partition on a leaf; acts as a 

regularization term to control splitting.
min_data_in_leaf 74 Minimum number of data points allowed in a leaf; prevents overly 

specific leaf nodes.
num_leaves 51 Maximum number of leaves per tree; controls model complexity and 

expressiveness.
Objective poisson Objective function optimized by the model; here, a Poisson regression 

suited for count data.
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TABLE D1 
Summary Statistics of the Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), the LightGBM, and the 
Bias-Corrected LightGBM. Highlighted Value Indicates the Shift in Deviation from the Baseline Mean Premium, 

Illustrating the Effect of Bias Correction

Statistic GLM b0
LightGBM BC LightGBM

Mean �p 0.1350 0.1363 0.1346
10% Quantile − 0.0391 0.0374
90% Quantile − 0.2115 0.2003

TABLE D2 
Comparison of Observed Claim Counts with Predicted Claims from LightGBM before and after Bias Correction. The 

Column Gaps Show the Difference between Predicted and Observed Counts. Highlighted Value Indicates the Reduction of 
Prediction Bias after Correction

c Observed LightGBM BC LightGBM LightGBM gap BC LightGBM gap

0 18,719 18705.6169 18720.3746 −13.3831 1.3746
1 1221 1224.7363 1211.9909 3.7363 −9.0091
2 56 66.5456 64.7117 10.5456 8.7117
3 4 2.9848 2.8178 −1.0152 −1.1822
> 0 1281 1294.3831 1279.6254 13.3831 −1.3746

FIGURE D1. Histogram Comparison of Predicted Premiums p̂ for the LightGBM before (Left) and after (Right) Balance Correction.

FIGURE D2. Visualization of s7!E½Yjp̂ðXÞ ¼ s� before (Left Plot) and after (Right Plot) Bias Correction (BC). a is a Smoothing Hyperparameter in the 
Locfit Package in R, and the Diagonal Corresponds to p̂ ¼ l:
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Overall, the autocalibration step successfully realigns the LightGBM predictions with the true mean while maintaining 
predictive performance (measured by the Poisson deviance). This balance correction is a key post hoc step of the fairness 
adjustment.

APPENDIX E. SIMULATED DATASET

FIGURE E1. Visualization of the Role of the Intragroup Variability Terms E½k U − U
0

k� and E½k V − V
0

k� in the Fairness Adjuster.

FIGURE E2. Visualization of the Local Bias E½Yjp̂ðXÞ ¼ F−1
p̂ ðxÞ�=F−1

p̂ ðxÞ before and after Fairness Adjustment (FA).
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TABLE E1 
Young-Females Calibration Table Showing the Observed Number of Claims and the Predicted Counts from the LightGBM, 

the Fairness-Adjusted LightGBM, and the Bias-Corrected and Fairness-Adjusted LightGBM, along with the Differences 
between Predicted and Observed Counts

c Observed LightGBM Fair LightGBM Fair BC LightGBM D D Fair D Fair BC

0 3711 3723.96 3795.55 3786.66 12.96 84.55 75.66
1 324 306.64 241.02 250.56 −17:36 −82:98 −73:44
2 14 17.58 11.92 11.37 3.58 −2:08 −2:63
3 0 0.78 0.49 0.40 0.78 0.49 0.40

TABLE E2 
Middle-Aged-Females Calibration Table Showing the Observed Number of Claims and the Predicted Counts from the 

LightGBM, the Fairness-Adjusted LightGBM, and the Bias-Corrected and Fairness-Adjusted LightGBM, along with the 
Differences between Predicted and Observed Counts

c Observed LightGBM Fair LightGBM Fair BC LightGBM D D Fair D Fair BC

0 3281 3271.76 3180.63 3172.47 −9.24 −100.37 −108.53
1 105 115.35 200.10 208.72 10.35 95.10 103.72
2 3 3.77 9.85 9.47 0.77 6.85 6.47
3 2 0.12 0.41 0.33 −1.88 −1.59 −1.67

TABLE E4 
Young-Males Calibration Table Showing the Observed Number of Claims and the Predicted Counts from the LightGBM, 
the Fairness-Adjusted LightGBM, and the Bias-Corrected and Fairness-Adjusted LightGBM, along with the Differences 

between Predicted and Observed Counts

c Observed LightGBM Fair LightGBM Fair BC LightGBM D D Fair D Fair BC

0 3579 3584.58 3707.25 3697.33 5.58 128.25 118.33
1 355 343.67 232.74 243.22 −11:33 −122:26 −111:78
2 17 22.57 11.51 11.05 5.57 −5:49 −5:95
3 1 1.13 0.48 0.39 0.13 −0:52 −0:61

TABLE E3 
Senior-Females Calibration Table Showing the Observed Number of Claims and the Predicted Counts from the LightGBM, 

the Fairness-Adjusted LightGBM, and the Bias-Corrected and Fairness-Adjusted LightGBM, along with the Differences 
between Predicted and Observed Counts

c Observed LightGBM Fair LightGBM Fair BC LightGBM D D Fair D Fair BC

0 2576 2569.34 2473.00 2465.42 −6.66 −103.00 −110.58
1 56 65.09 155.14 162.94 9.09 99.14 106.94
2 4 1.54 7.54 7.38 −2.46 3.54 3.38
3 0 0.04 0.31 0.26 0.04 0.31 0.26
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APPENDIX F. REAL-WORLD DATASET

The analysis presented in Section 5 on simulated data is reproduced for the real-world dataset introduced in Section 5.1.

F.1. Best-Estimates
We consider a boosting algorithm (LightGBM) to model the premium best estimates p̂: The boosting model is tuned via 

lightgbm and optuna with optimal hyperparameters reported in Table F1.

Figure F1 compares predicted and observed claim frequencies across 10 quantile bins. Bars represent total exposure 
within each bin, while the solid and dashed lines show the predicted k̂ and observed k frequencies, respectively. A closer 
alignment between the two lines across bins indicates superior model performance.

As observed in Table F2, LightGBM has a slightly higher deviance than the GLM. In the analysis on simulated data, we 
observed the opposite.

TABLE E5 
Middle-Aged-Males Calibration Table Showing the Observed Number of Claims and the Predicted Counts from the 

LightGBM, the Fairness-Adjusted LightGBM, and the Bias-Corrected and Fairness-Adjusted LightGBM, along with the 
Differences between Predicted and Observed Counts

c Observed LightGBM Fair LightGBM Fair BC LightGBM D D Fair D Fair BC

0 3093 3090.95 3122.93 3116.95 −2:05 29.93 23.95
1 224 224.27 194.96 201.64 0.27 −29:04 −22:36
2 10 12.22 9.69 9.08 2.22 −0:31 −0:92
3 1 0.54 0.41 0.32 −0:46 −0:59 −0:68

TABLE E6 
Senior-Males Calibration Table Showing the Observed Number of Claims and the Predicted Counts from the LightGBM, 
the Fairness-Adjusted LightGBM, and the Bias-Corrected and Fairness-Adjusted LightGBM, along with the Differences 

between Predicted and Observed Counts

c Observed LightGBM Fair LightGBM Fair BC LightGBM D D Fair D Fair BC

0 2479 2465.02 2481.78 2473.23 −13:98 2.78 −5:77
1 157 169.71 154.28 163.03 12.71 −2:72 6.03
2 8 8.88 7.61 7.47 0.88 −0:39 −0:53
3 0 0.38 0.32 0.26 0.38 0.32 0.26

TABLE F1 
Optimized LightGBM (with Poisson Objective) Hyperparameters Using Optuna. Their Descriptions Are Detailed in 

Table C1

Parameter Value Parameter Value

learning_rate 0.0164 min_sum_hessian_in_leaf 0.0002
feature_fraction 0.8795 max_depth 7
bagging_fraction 0.8946 min_gain_to_split 0.3384
bagging_freq 1 min_data_in_leaf 35
lambda_l2 1.1452e-09 num_leaves 30
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Figure F2 illustrates the distribution of predicted premiums and highlights differences in risk allocation between the two 
models. Since the predicted premiums correspond to Poisson count estimates, many values (in the first histogram bin) are 
close to zero (but strictly positive). For readability, all visualizations are based on the transformed scale log ð1þ k̂iÞ:

F.2. Fairness Adjustment G 5 2
In the binary setting G ¼ 2; the predicted (discriminatory) premiums p̂ are partitioned into two demographic groups 

fp̂gg
G
g¼1 corresponding to g ¼ ffemale, maleg: These premiums are iteratively adjusted using Algorithm 4.1 to equalize not 

only the means, but also the dispersion and overall shape of their distributions.

FIGURE F1. Comparison of Predicted and Observed Claim Frequencies per Unit Exposure across 10 Quantile-Based Bins. The Solid Line Shows the 
Estimated Frequency k̂ from the Model, While the Dashed Line Shows the Observed Frequency k: The Bars Indicate the Total Exposure in Each Bin. Left 
Plot: GLM; Right Plot: LightGBM.

TABLE F2 
Comparison of Poisson Deviance Values, Defined in Eq. (12), on the First Out-of-Sample Test 
Set for the GLM and the LightGBM. Lower Deviance Indicates a Better Fit to the Observed 

Claim Frequencies

Model Poisson deviance

GLM 1436.7176
LightGBM 1476.3945

FIGURE F2. Histogram Comparison of Predicted Premiums p̂ for the GLM (Left) and LightGBM (Right). The Plots Illustrate the Distribution of Predicted 
Premiums and Highlight Differences in Risk Allocation between the Two Models.
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Figure F3 presents the cumulative distributions of predicted premiums for the overall portfolio and for the male and 
female subgroups, before (solid lines) and after (dashed lines) the fairness adjustment. All predictions are visualized on the 
transformed scale log ð1þ k̂iÞ: While the analysis on the simulated portfolio in Section 5.3 relied on standard (noncumula
tive) kernel density estimates, the cumulative KDEs in Fig. F3 allow for a better comparison of the distributional shift 
across groups, particularly in the lower premium range where many values are close to zero.

Before the adjustment, the cumulative distributions differ noticeably between genders. The cumulative curve for females 
lies above that for males (i.e., female policyholders have lower predicted premiums on average than males). After the fair
ness adjustment, the cumulative distributions for both groups (dashed lines) nearly coincide, indicating that our Energy- 
based fairness correction effectively mitigates gender-based pricing disparities.

Enforcing independence between premiums and gender (a key risk factor) constrains the predictions and prevents the 
model from fully exploiting gender-related risk information. As illustrated in Fig. F4, the model inevitably sacrifices some 
predictive accuracy to enforce demographic parity.

Table F3 shows that the fairness adjustment also leads to an increase in the overestimation of the overall claim count 
(from 44 to 81). However, we also observe in Table F4 that the fairness adjustment leads to a smaller deviation from the 
true mean l ¼ 1:0119:

The negative bias (or overestimation) observed in the fair LightGBM predictions can be corrected using the multiplica
tive bias-correction factor proposed by Denuit et al. (2021):

FIGURE F3. Cumulative Kernel Density Estimates (KDEs) of Predicted Premiums (on the Transformed Scale log ð1þ k̂ iÞ) by Gender. Solid Lines 
Represent the Original LightGBM Discriminatory Premiums, While Dashed Lines Correspond to the Fairness-Adjusted Premiums. The Male Group is Shown 
in Blue, the Female Group in Red, and the Overall Portfolio in Black.

FIGURE F4. Evolution of the Fairness Loss (i.e., the Energy Distance in Eq. [7]) and the Poisson Deviance Loss (in Eq. [12]) over Training Epochs.
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E Yjp̂ðXÞ ¼ F−1
p̂ ðxÞ

� �

F−1
p̂ ðxÞ

, (F1) 

estimated using a local smoother with bandwidth a ¼ 0:16: Table F5 reports summary statistics before and after bias correc
tion. The average premium shifts from 1.0119 to 1.0397, bringing it close to the reference mean.
Table F6 summarizes the Poisson deviance values. We note that the fairness–accuracy trade-off manifests at two distinct 
levels. The fairness correction inevitably reduces predictive accuracy, as the optimization process prioritizes demographic 

TABLE F3 
Comparison of Observed Claim Counts with Predictions from Standard LightGBM and Fairness-Adjusted LightGBM. The 
Gap Columns Show the Difference between Predicted and Observed Counts. Highlighted Values Indicate the Aggregated 

Total Gaps, Illustrating the Impact of the Fairness Adjustment on Total Balance

c Observed LightGBM LightGBM fair LightGBM gap Fair LightGBM gap

0 951 906.9875 869.6073 −44.0125 −81.3927
1 272 304.0601 318.1396 32.0601 46.1396
2 154 188.3684 208.1326 34.3684 54.1326
3 101 106.6544 117.8240 5.6544 16.8240
4 62 58.4609 61.4248 −3.5391 −0.5752
5 36 31.6624 30.2977 −4.3376 −5.7023
6 28 16.8910 14.1690 −11.1090 −13.8310
7 12 8.7817 6.2518 −3.2183 −5.7482
8 8 4.3992 2.5920 −3.6008 −5.4080
9 4 2.1040 1.0082 −1.8960 −2.9918
> 0 679.0 723.0125 760.3927 44.0125 81.3927

TABLE F4 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), the Standard LightGBM, and 
the Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence from the Target Mean Premium, Indicating the 

Effect of Fairness Adjustment

Statistic GLM b0
LightGBM Fair LightGBM

Mean �p 1.0609 0.9983 1.0119
10% Quantile − 0.0099 0.0099
90% Quantile − 2.6672 2.4771

TABLE F5 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), Standard LightGBM, 
Fairness-Adjusted LightGBM, and Bias-Corrected Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence 

from the Target Mean Premium, Illustrating the Effect of Fairness Adjustment and Subsequent Bias Correction

Statistic GLM b0
LightGBM Fair LightGBM Fair BC LightGBM

Mean �p 1.0609 0.9983 1.0119 1.0397
10% Quantile − 0.0099 0.0099 0.0000
90% Quantile − 2.6672 2.4771 2.5625
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parity over likelihood-based fit. The post hoc autocalibration step partially restores not only the actuarial balance but also a 
share of the predictive accuracy (1667.6080) that was initially reduced by the fairness correction, without affecting fairness, 
as shown in Fig. F5.

Figure F5 shows the local redistribution of density after balance correction (dotted lines). Even after balance correction, 
fairness is maintained as the conditional premium densities for both gender groups remain well aligned.

Table F7 summarizes several keys fairness metrics discussed in the literature (see discussion related to Table 11).

TABLE F6 
Poisson Deviance Comparison at the Same Evaluation Stage (Out-of-Sample 1) for the Generalized Linear Model (GLM), 
Bias-Corrected (BC), and Fairness-Adjusted Versions of the LightGBM Model. Lower Deviance Indicates a Better Fit to 
the Observed Claim Frequencies. D ¼ ða − bÞ=b Values Compare Each Fairness (and Balance) Corrected Model Relative 

Deterioration with the GLM and LightGBM

Model Poisson Deviance D GLM D LightGBM

GLM 1436.7176
LightGBM 1476.3944 þ0:0276
LightGBM fair (gender) 1793.9142 þ0:2486 þ0:2151
LightGBM fair BC (gender) 1667.6080 þ0:1607 þ0:1295

FIGURE F5. Cumulative Kernel Density Estimates (KDEs) of Predicted Premiums by Gender. Solid Lines Represent the Original LightGBM Discriminatory 
Premiums, Dashed Lines the Fairness-Adjusted Premiums, and Dotted Lines the Fairness-Adjusted and Balance-Corrected Premiums. The Male Group Is 
Shown in Blue, the Female Group in Red, and the Overall Portfolio in Black.

TABLE F7 
Comparison of Key Fairness Metrics before and after E-Based Fairness Adjustment and Balance Correction. MMD Is 

Computed Using a Gaussian RBF Kernel kðu, vÞ ¼ exp ð− k u − vk2=ð2r2ÞÞ with Fixed Bandwidth r ¼ 0:1

Metric with U ¼ p̂female and V ¼ p̂male p̂ p̂fair; BC

W1ðU, VÞ 0.883082 0.175620
W2ðU, VÞ 1.264377 0.306100
MMD2ðU, VÞ 0.037794 8:2� 10−5

DGFE ¼ jE½U� − E½V�j 0.760072 0.001787
DSP ¼ supsjPðU � sÞ − PðV � sÞj 0.335124 0.017543
S�¼0:1ðU, VÞ 0.701744 0.000864
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For new policyholders, a random forest regressor learns the mapping from policyholder characteristics to correction fac
tors, as outlined in Section 4.2. Figure F6 shows that the adjusted predictions for new policyholders (out-of-sample 2) 
remain consistent across sensitive groups with the results observed in Fig. F5.

Table F8 summarizes the Poisson deviance results before and after fairness correction on the new test (out-of-sample 2) 
set with 1 630 policies. The transition from out-of-sample 1 to out-of-sample 2 reveals a nearly negligible change in loss 
(from 1793.91 to 1794.33). Both out-of-sample sets contain only n ¼ 1, 630 observations, which naturally induces some 
instability. With such small test samples, even moderate changes in the composition of policyholders between the two out- 
of-sample sets can produce nontrivial fluctuations in deviance after fairness correction.

F.3. Fairness Adjustment G > 2
For G > 2; the predicted premiums p̂ are partitioned into G vectors fp̂gg

G
g¼1 of sizes ng organized in d-dimensional vari

ables U and V as in Eq. (11). In this setting, equal-sized samples are drawn from each group in U and for each group in V. 
A uniform random permutation is also applied to ensure the pairwise comparisons span all group combinations (see 
Algorithm 4.1).

Figure F7 illustrates the fairness adjustment of p̂ across four demographic groups, determined by the policyholders’ gen
der (female or male) and ethnicity (minority or majority). The solid lines correspond to the initial predicted premiums 

FIGURE F6. Cumulative Kernel Density Estimates (KDEs) of Predicted Premiums by Gender for New Policyholders. Solid Lines Represent the LightGBM 
Discriminatory Premiums, Dashed Lines the Fairness-Adjusted Premiums, and Dotted Lines the Fairness-Adjusted and Balance-Corrected Premiums. The 
Male Group Is Shown in Blue, the Female Group in Red, and the Overall Portfolio in Black.

TABLE F8 
Poisson Deviance Comparison across Models: (i) In-Sample (Training) Set (n ¼ 4, 889) to Fit the Discriminatory GLM and 
LightGBM Models, (ii) A First out-of-Sample (Test) Set (n ¼ 1, 630) to Predict Discriminatory Premiums and Correct for 
Fairness and Autocalibration, and (iii) A Second Out-of-Sample (Test) Set (n ¼ 1, 630) of New Policyholders, for Which 

Corrected Premiums Were Predicted Using a Random Forest Trained on the First Test Set. Values in Parentheses Compare 
Each Model Relatively (i.e., ða − bÞ=b) with the GLM and LightGBM at the Same Evaluation Stage. D ¼ ða − bÞ=b 

Measures the Relative Deterioration When Moving from the First to the Second Out-of-Sample Set (New Policyholders)

In-sample Out-of-sample 1 Out-of-sample 2 D

GLM 4019.5312 1436.7176 1380.0193 −3.9464%
LightGBM 3814.3971 1476.3945 (þ0.0276) 1440.2732 (þ0.0437) −2.4466%
LightGBM fair − 1793.9142 (þ0.2151) 1794.3334 (þ0.2458) −0.0234%

1793.9142 (þ0.2486) 1794.3334 (þ0.3002)
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FIGURE F7. Kernel Density Estimates (KDEs) of Predicted Premiums by Gender and Age Group. Solid Lines Represent the LightGBM Discriminatory 
Premiums, and Dashed Lines the Fairness-Adjusted Premiums. The Male Groups Are Shown in Blue, the Female Groups in Red, and the Overall Portfolio in 
Black. The Lighter Color Shade Corresponds to the Minority Group.

TABLE F9 
Summary Statistics of Expected Premiums p̂ for the Baseline Intercept-Only GLM (GLM b0

), Standard LightGBM, and 
Fairness-Adjusted LightGBM. Highlighted Values Indicate Divergence from the Target Mean Premium, Illustrating the 

Effect of Fairness Adjustment

Statistic GLM b0
LightGBM Fair LightGBM

Mean �p 1.0609 1.0119 1.0597
10% Quantile 0.0099 0.2556
90% Quantile 2.4771 2.2170

TABLE F10 
Poisson Deviance Comparison at the Same Evaluation Stage (Out-of-Sample 1) for the Generalized Linear Model (GLM), 
Bias-Corrected (BC), and Fairness-Adjusted Versions of the LightGBM Model. Lower Deviance Indicates a Better Fit to 

the Observed Claim Frequencies. D Compare Each Fairness (and Balance) Corrected Model Relative Deterioration with the 
GLM and LightGBM

Model Poisson Deviance D GLM D LightGBM

GLM 1436.7176
LightGBM 1476.3944 þ0:0276
LightGBM fair (gender) 1793.9142 þ0:2486 þ0:2151
LightGBM fair BC (gender) 1667.6080 þ0:1607 þ0:1295
LightGBM fair BC (gender & ethnicity) 4718.2180 þ2:284 þ2:1958
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partitioned into G demographic groups fp̂gg
4
g¼1: The overlapping dashed lines correspond to the corresponding fairness 

adjusted premiums fp̂fair
g g

4
g¼1: We observe that after adjustment, the dashed lines largely overlap within each gender–ethni

city pairing, indicating that the E adjuster has effectively reduced disparity across these four groups.
Table F9 reveals that the fairness adjustment actually mitigated the deviation from the mean value.
Table F10 summarizes the deviance loss before and after fairness adjustment (for G ¼ 2 and G ¼ 4). We observe overall 

a relatively stark deterioration in predictive accuracy following fairness adjustment, especially when adjusting across four 
protected groups. In the simulated study, model adjustment relied on 100,000 policies (with 60% for training and 20% for 
testing). Here, however, fairness adjustments are derived from only 1 630 policies in the first out-of-sample set, further split 
across two or four sensitive groups, leaving roughly 400 premium predictions per group. Using such small group-specific 
samples to estimate conditional distributions and to enforce demographic parity clearly leads to poor predictive accuracy (in 
terms of Poisson deviance).

APPENDIX G. WASSERSTEIN AND MMD BENCHMARKS

To further benchmark the proposed gradient-based fairness correction, we compare it against two postprocessing base
lines: first, against a distributional alignment method based on kernel density estimation, optimal transport barycenters, and 
quantile remapping, and second, against a maximum mean discrepancy (MMD)-based gradient adjustment applied directly 
on the predictions. Both approaches enforce demographic parity by reducing distributional discrepancies between the condi
tional predictive distributions of men and women after training (here, LightGBM predictions).

G.1. Wasserstein (OT)
Because predictions lie in ½0, 1�; we estimate bounded densities using a logit-transformed kernel density estimator:

fGðpÞ ¼ exp ðKDEðlogitðpÞÞÞ pð1 − pÞð Þ
−1, G 2 W, M:

From these KDEs we compute empirical PDF fW , fM and CDF FW , FM estimates.
Before applying optimal transport correction, a simple baseline consists of scaling each group’s predictions to match the 

global mean:

p̂scaled
G ¼

�p

�pG
p̂G:

This ensures equal means but leaves distributional differences largely untouched, precisely the limitation the barycenter 
method addresses.

Let wW ; wM be empirical group weights. For each group CDF (FG), define the barycentric target distribution F? through 
a pair of reference-specific barycenters:

F?
Wðp

?Þ ¼ FWðpÞ, p? ¼ wWpþ wMF−1
M ðFWðpÞÞ,

F?
Mðp

?Þ ¼ FMðpÞ, p? ¼ wMpþ wWF−1
W ðFMðpÞÞ:

Both constructions lead to the same Wasserstein barycenter F?; for which the density f ? is obtained by differentiating the 
monotone transport map. This F? acts as the demographically fair predictive distribution toward which both groups are 
transported.

For each individual prediction p̂i; we first compute the group-specific empirical quantile:

ui ¼ FGðp̂iÞ:

We map it through the opposite group’s inverse CDF:

TGðp̂iÞ ¼ F−1
�G ðuiÞ:
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We then construct the barycentric transport map:

p̂fair
i ¼ wG, p̂i þ w�G , TGðp̂iÞ:

This yields a set of adjusted predictions p̂fair for which the distribution matches the barycenter F?: In practice, this 
approach nearly eliminates discrepancy: 

W1ðF
fair
W , Ffair

M Þ � 0, Ffair
W ’ Ffair

M ’ F?:

G.2. MMD-Based Gradient Fairness Adjustment
As a second baseline, we implement a gradient-based fairness correction driven by the maximum mean discrepancy 

(MMD) between group-conditional predictions. Both the Wasserstein-OT approach and the MMD gradient method aim at 
enforcing demographic parity at the distributional level, but while the former constructs an explicit transport map between 
empirical distributions, the latter performs iterative reproducing kernel Hilbert spaces (RKHS) alignment in prediction 
space.

Let M ¼ fp̂i : Si ¼ Mg and W ¼ fp̂j : Sj ¼ Wg: The squared MMD between the two groups under an RBF kernel kr is

MMD2ðW, MÞ ¼ E krðW, W 0Þ
� �

þ E krðM, M0Þ
� �

− 2E krðW, MÞ½ �:

We minimize this quantity by directly updating predictions via gradient descent:

p̂  p̂ − grp̂MMD2ðW, MÞ, 

where g is a step size.
The corresponding gradients for individual samples in group M and W are given by

rp̂ i2M ¼ −
2

n2
Mr2

X

i0
ðp̂i − p̂i0 Þkrðp̂i, p̂i0 Þ þ

2
nMnWr2

X

j

ðp̂i − p̂jÞkrðp̂i, p̂jÞ, 

rp̂ j2W ¼ −
2

n2
Wr2

X

j0
ðp̂j − p̂j0 Þkrðp̂j, p̂j0 Þ þ

2
nMnWr2

X

i

ðp̂j − p̂iÞkrðp̂j, p̂iÞ:

This procedure iteratively adjusts predictions such that the RKHS embeddings of both groups become aligned, yielding:  

MMDðp̂fair
W , p̂fair

M Þ ! 0:

Note that while MMD is a well-established discrepancy measure, the empirical MMD requires all pairwise kernel evalua
tions between samples across and within groups, resulting in Oðn2Þ complexity per iteration. Although approximations such 
as minibatch MMD or random Fourier features can reduce computational cost, they introduce additional stochastic variance 
in the estimated discrepancy. In practice, these approaches require careful tuning of batch size, learning rate, and kernel 
bandwidth. These parameters are known to strongly affect both convergence stability and the quality of the resulting 
alignment.

Given that our goal is not to design a large-scale stochastic optimization procedure, but rather to evaluate MMD as a 
deterministic distributional alignment baseline, we adopt the full-batch formulation to ensure numerical stability and 
reproducibility.

We further fix the kernel bandwidth to 0.0622. It is a median heuristic bandwidth choice, which is one of the most stand
ard (and surprisingly effective) ways to set the kernel scale in MMD.

We first evaluated the MMD gradient adjustment using a learning rate g of 0.01. This configuration required approxi
mately 143 min for 500 iterations and resulted in only marginal changes in the group distributions, which exhibited only a 
slight convergence toward each other. Increasing the learning rate to 0.1 still did not yield meaningful overlap between the 
marginal distributions after 500 iterations. For comparison, the energy-based gradient method converged in fewer than 70 
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iterations under the same experimental setting with g ¼ 0:001: Further increasing the learning rate to 1.0 led to faster dis
placement of the distributions (124 min for 500 iterations), with the marginals beginning to overlap. However, the resulting 
alignment remained insufficient to achieve demographic parity at a level comparable to the energy-gradient method. Finally, 
we chose to set the learning rate to 1.5, to improve distributional alignments.

In this setting, MMD-based gradient alignment exhibits slower convergence and higher sensitivity to optimization hyper
parameters compared to energy-distance-based corrections.

G.3. Results
As shown in Table G1, the discriminatory model exhibits a positive group mean difference, indicating that men tend to 

receive higher premiums than women. The energy-based adjustment removes the mean disparity exactly, outperforming 
both MMD and Wasserstein. Wasserstein slightly overcorrects the gap and produces a negative mean difference (−0:0054), 
whereas MMD slightly undercorrects it (þ0.0008). Although the Wasserstein barycenter enforces equality of marginal distri
butions by construction, it requires the numerical inversion of empirical CDFs. This step is inherently less stable, especially 
in sparse regions or in the presence of heavy tails (common in insurance data). The fact that MMD is kernel based may 
also explain the residual differences, as further reductions in marginal discrepancies become increasingly difficult.

Figure G1 shows the different effects of the fairness adjustments per group. Both methods reduce premiums for men 
while increasing premiums for women. In the lower and middle quantiles, the Wasserstein-corrected premiums (solid line, 
with crosses) are overall slightly closer to the observed discriminatory predictions (dotted line). Wasserstein adjustment, 
however, introduces a stronger distortion in higher frequencies bins. MMD adjustments induce similar stronger distortions 
than Energy ones in the upper tails. Overall, women see substantially higher premiums than originally, while men receive 

FIGURE G1. Comparison of Predicted and Observed Claim Frequencies by Gender per Unit Exposure across 10 LightGBM Quantile-Based Bins. The 
Dashed Line Shows the Observed Frequency k Computed from the Data. The Solid Line Shows the Estimated Frequency k̂: Energy-Based Adjustments Are 
Indicated by Circles, Wasserstein Adjustments by Crosses, and MMD by Diamonds. Colors Differentiate Gender.

TABLE G1 
Group Mean Differences (Men − Women) for Predicted Claim Frequencies. Positive Values Indicate That 

Men Have Higher Predicted Frequencies than Women

Model Group mean difference (men − women)

LightGBM 0.0630
Energy LightGBM 0.0000
Wasserstein LightGBM −0.0054
MMD LightGBM 0.0008
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lower premiums. This highlights a trade-off between overall distributional parity and extreme per-group distortions, particu
larly for high-risk policyholders.

Figure G2 further shows a comparison of original and adjusted predicted premiums for male and female policyholders. 
The energy-based adjustment leads to only mild distortion in the tail, and its group-specific effects look stronger for men 
(further from the diagonal). MMD clearly leads to the strongest adjustments for men (further from the diagonal) in the 
lower and mid tail. In contrast, the Wasserstein adjustment leads to a stronger deformation of the upper tail, reflecting a 
heavier redistribution of extreme values. Unlike Wasserstein-based corrections, which explicitly couple quantiles across 
groups and induce visible redistribution in the tails, MMD and Energy do not enforce a structured cross-group matching of 
quantiles, leading to less pronounced adjustments in the extremes of the distribution.

Table G2 provides a quantitative assessment of how disruptive each correction is with respect to the original risk differ
entiation. Fairness adjustments should mitigate unfair dependence on protected attributes without disrupting the core risk 
ranking. High-risk policyholders should still receive higher premiums than low-risk ones. Otherwise, this would break actu
arial credibility, tariff stability, and portfolio steering, leading to antiselection and misaligned underwriting incentives.

The Spearman (1904) rank correlation between the discriminatory and adjusted premiums in Table G2 show that all cor
rections affect the initial ordering of risks. The energy-based adjustment preserves it slightly more effectively (q ¼ 0:8604) 
than the Wasserstein barycentric correction (q ¼ 0:8266). Wasserstein barycenters enforce equality at each quantile level. 
This can locally reorder individuals, especially in distributional tails, leading to more pronounced rank distortions.

Table G3 further reports the rank correlation by gender. Because Spearman correlation only depends on ranks, values 
close to 1 indicate that the transformation applied by each method is almost monotone within each group. This is exactly 
what happens here. All methods act essentially as group-specific monotone recalibrations, especially Wasserstein, so they 
do not meaningfully reorder individuals within the same gender.

FIGURE G2. Scatter Plot of Original Discriminatory Premiums and Adjusted Premiums for Male and Female Policyholders. Each Point Represents an 
Individual Prediction, with the x-Axis Showing the Original LightGBM-Predicted Premium p̂ and the y-Axis Showing the Corresponding Adjusted Premium. 
Energy-Based Adjustments Are Indicated by Circles, Energy-Based and BC-Corrected by Squares, Wasserstein Barycenter by Crosses, and MMD by 
Diamonds. Colors Differentiate Gender: Blue for Male and Red for Female. The Dashed Black Identity Line Indicates Perfect Preservation of the Original 
Discriminatory Predictions. Subsampling (10% of Points) Is Applied for Visualization Clarity.
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Figure G3 evaluates conditional demographic parity:  

E p̂fairjmen, qp̂½ � ¼ E p̂fairjwomen, qp̂½ �, (G1) 

where p̂fair is the Energy-, Wasserstein-, or MMD-corrected premium, and qp̂ are the quantiles of the original discriminatory 
premium. This shows local fairness, not just global parity.

The Wasserstein- and Energy-corrected premiums show mild differences in the middle quantiles. Wasserstein stays con
sistently negative across all upper quantiles, showing persistent conditional disparity across premium levels. This indicates 
that women tend to receive slightly higher predicted premiums than men, but the deviation is stable across the risk spec
trum, whereas Energy returns toward zero in the upper tail, improving conditional parity. Energy seems to better enforce 

TABLE G2 
Spearman Rank Correlation between Discriminatory and Adjusted Premium

Model Spearman q

Energy LightGBM 0.8604
Wasserstein LightGBM 0.8266
MMD LightGBM 0.8615

TABLE G3 
Spearman Rank Correlation between Discriminatory and Adjusted Premium, by Gender

Model Men Women

Energy LightGBM 0.9998 0.9998
Wasserstein LightGBM 1.0000 1.0000
MMD LightGBM 0.9999 1.0000

FIGURE G3. Conditional Demographic Parity Gaps (Men − Women) by Discriminatory Premium Quantile for Each Fairness Method. Negative Values 
Indicate Higher Predicted Premiums for Women.
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parity for higher risk policyholders. The MMD curve shows stronger nonmonotonicity across the risk spectrum, with rela
tively large negative disparities in mid-quantiles (down to approximately −0.10), followed by partial recovery in the upper 
tail (similarly to Energy).

These empirical differences are consistent with the theoretical properties of the metrics.
The Energy distance acts as a global discrepancy measure. It integrates distributional differences over the entire support. 

Since the upper tail typically represents only a small fraction of the probability mass (5% here), its contribution to the 
Energy distance gradient is small, implying that the optimization primarily aligns the bulk of the distribution.

The Wasserstein distance, in contrast, operates directly on quantile differences, giving each quantile, including extreme 
ones, equal weight in its objective. As a result, any misalignment in the far right tail contributes proportionally to the 
objective, forcing the correction to act more aggressively on large predicted values.

The maximum mean discrepancy (MMD) sensitivity is strongly governed by the choice of kernel bandwidth. Small band
width translates to very local, almost point-matching, alignments, whereas large bandwidth translates to very global, almost 
mean-matching, alignments. Consequently, MMD can induce stronger localized adjustments than Energy, particularly in 
low-density or mid-tail regions, while remaining less disruptive in the extremes than Wasserstein.

Hence, from a distributional standpoint, the Energy distance preserves the extremal structure more faithfully, the 
Wasserstein distance enforces stricter quantile-level parity at the cost of stronger distortions in the tail, and MMD provides 
a kernel-based comparison that can capture both local and global discrepancies without explicit quantile coupling.

Note that both energy-based and MMD-based gradient adjustments are unconstrained functional perturbations of the 
prediction surface, meaning they do not inherently enforce positivity of the output. Since premiums are updated via gradi
ent-driven corrections, sufficiently large updates (especially in sparse regions or tails) can in principle push some corrected 
values below zero unless an explicit positivity constraint is imposed (e.g., floor constraint or a log-link parameterization in 
the case of count data). In our experiments, we verified that no negative premiums were produced after applying the 
corrections.
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